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Summary: The method of graphical analysis for the eval
uation of sequential data (e.g., tissue and blood concen
trations over time) in which the test substance is irre
versibly trapped in the system has been expanded. A sim
pler derivation of the original analysis is presented. 
General equations are derived that can be used to analyze 
tissue uptake data when the blood-plasma concentration 
of the test substance cannot be easily measured. In ad
dition, general equations are derived for situations when 
trapping of the test substance is incomplete and for a 
combination of these two conditions. These derivations 

The study of the movement of solute molecules 
across tissue capillaries and their localization within 
selected tissues of both animal and human subjects 
has been greatly facilitated by the use of tomo
graphic machines. These instruments can provide 
sequential measurements over time of regional 
tissue concentrations. The general experimental 
protocol usually involves the injection of the test 
substance into the blood of the subject and then 
measuring the concentration of the substance in 
both the blood and various tissue regions over a 
period of time. These data may then be analyzed 
by a number of methods to ascertain the desired 
parameters of the system. 

One method of analysis that has been proposed 
for those substances that are irreversibly trapped in 
the system is a graphical analysis of multiple time 
data points (Patlak et al., 1983). For this method, 
an equation has been developed for a very general 
model. When certain measurable quantities are 
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are independent of the actual configuration of the com
partmental system being analyzed and show what infor
mation can be obtained for the period when the reversible 
compartments are in effective steady state with the blood. 
This approach is also shown to result in equations with 
at least one less nonlinear term than those derived from 
direct compartmental analysis. Specific applications of 
these equations are illustrated for a compartmental 
system with one reversible region (with or without re
versible binding) and one irreversible region. Key Words: 
Graphical analysis- Tissue uptake data. 

plotted against other measurable quantities, the 
equation indicates that a straight line should result. 
It was also shown that the slope and intercept of 
this line yield useful parameters of the system. 

The purpose of this article is to provide a simpler 
derivation of the graphical analysis technique and 
to discuss its potential for more general application 
in systems other than the study of the blood-brain 
barrier (Blasberg et al., 1983) or deoxyglucose up
take (Gjedde et al., 1985). In particular, a descrip
tion of how graphical analysis can be used to ana
lyze tissue uptake data alone, when blood-plasma 
concentrations of the test substance cannot be mea
sured, is given and the conditions necessary for this 
analysis to be valid. A modification of the general 
equation for situations where trapping of the test 
substance is not completely irreversible will also be 
derived. 

ANALYSIS 
The approach that will be followed in the deri

vations will be similar to that discussed by Patlak 
et al. (1983). The system to be analyzed is assumed 
to be a homogeneous tissue region or regions that 
can be reliably assayed for the total amount of the 
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test substance. Initially it will be assumed that the 
tissue region is perfused by a varying but known 
concentration of the test substance in the blood, 
and, for simplicity, that the plasma concentration 
represents the concentration of test substance that 
is exchangeable with the tissue. The tissue region 
may consist of a number of compartments that com
municate reversibly with the blood. This reversible 
communication with the blood can occur directly or 
indirectly through intermediary compartments. 
There also must be at least one or multiple other 
compartments that the test substance enters in an 
irreversible manner. Initially it is assumed that once 
the test substance enters an irreversible compart
ment, it cannot move back into the blood or into 
the reversible tissue compartments. Finally it is as
sumed that there is no interaction with adjacent 
tissue regions such as diffusive movement of the 
test substance into or out of the region of interest. 

A comment on the relationship between the rate 
of uptake R and the rate constant K is in order. The 
rate constant is the steady-state rate of uptake into 
the system (when the blood plasma level Cpo is con
stant) divided by Cpo (Patlak et aI., 1983): 

R = KCpo (1) 

Therefore, only the equations involving K need be 
discussed since these equations can be easily trans
formed into ones involving R by use of Eq. 1. For 
those test substances that are not tracers of the sub
stance being studied (such as deoxyglucose and glu
cose), the appropriate correction to the derived 
equations can be easily performed by the use of a 
lumped constant term relating the characteristics of 
the test substance and the mother substance. 

The overall uptake rate constant K for the system 
described above has been shown to be (Patlak, 
1981) 

K = _A--=-rn'-'-.(_oo_) _ 

r Cp(t)dt 
(2) 

where Arn(oo) is the amount of material in the region 
at infinite time and Cp(t) is the blood plasma con
centration at time t and represents the concentra
tion of test substance in the plasma that is freely 
exchangeable with the tissue. A similar approach 
can be used for experiments over a finite time t. It 
is convenient to choose a hypothetical experimental 
protocol after time t that will most readily yield the 
desired equations. This is possible because the pa
rameters of the system are fixed and independent 

of the manner in which the experiment is per
formed. Thus, imagine the experiment continued 
for infinite time but with the plasma concentration 
equal to 0 for times >t. For this situation, 

f Cp(T)dT = r Cp(T)dT (3) 

Since the blood plasma concentration is assumed to 
be 0 for times >t, the amount that is left in the 
system at infinite time is obviously equal to the 
amount that is in the system at time t minus the 
amounts that leave the system after time t. This 
latter quantity is the fraction of the amount in the 
exchangeable compartments that leaves the system 
[i.e., does not enter the irreversible compart
mentes)], as well as any material in the blood 
plasma. 

Thus, 

Arn(oo) = Arn(t) - VpCpCt) - j(t)Ae(t) (4) 

where Ae(t) is the amount in the reversible com
partments at time t, Vp is the effective plasma 
volume of the tissue region such that VpCp is the 
exchangeable amount of test substance in the blood, 
and fit) is the fraction of the amount in the revers
ible compartments that goes back into the blood 
plasma and leaves the system. The fraction fit) is a 
function of the parameters of the system and the 
relative amounts of the test substance within each 
of the reversible compartments. Since, in general, 
these relative amounts change with time, fit) will 
be a function of time except, of course, for the sim
plest case of a single reversible compartment. 

If the change in the blood plasma concentration 
eventually becomes slow enough that its time con
stant is much larger than any of the time constants 
of the system, then there will be a t* such that for 
all t > t*, the amount in the reversible compart
ments will be in effective steady state with the blood 
plasma (Patlak et aI., 1983). Analytically, if 

(5) 

and if there is at least one �i that is much less than 
the smallest eigenvalue of the reversible compart

ment region, then there exists a time t* such that 

t> t* (6) 

where Ve is the steady-state volume of the revers
ible compartments. For this situation, the relative 
amounts within each of the reversible compart
ments will be constant and thus fit) becomes a con
stant, f Inserting Eqs. 3-6 into Eq. 2 and rear
ranging yields 
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LCp(T)dT 
K ----

t > t* (7) 

which is identical to Eq. 23 of PatIak et al. (I 983) 
where the Vo in that equation is now shown to be 

(8) 

Now consider the application of Eq. 7 to a situ
ation in which Cp cannot be measured, but where 
Am can be measured in two different tissue regions 
with the test substance being irreversibly trapped 
in only one of these regions. For this case, let A�(t) 
be the amount of test substance in the tissue region 
that is totally exchangeable (i.e., a region with no 
irreversible compartments). Given that the same 
conditions for test substance decay in plasma and 
the time constants in the tissue discussed above are 
satisfied for the two regions, then there exists a t* 
such that 

t> t* (9) 

where V � is the "pace and Vi> is the effective blood 
plasma space of the second region. 

As shown in the Appendix, 

- D'A�(t) t> t* (10) 

where D' is a positive constant dependent only 
upon the rate constants of the totally exchangeable 
region and V p .  

Inserting Eqs. 9 and 10 into Eq. 7 and rearranging 
yields 

K 
LA�(T)dT 

----

(V� + Vp) A�(t) 

JVe + Vp + KD' 
+ ----�----

V� + Vp 
t > t* (11) 

Thus, plotting Am(t)IA�(t) versus Ib A�(T)dTIA�(t) 
should yield, after a time t*, a straight line with a 
slope of � KI(V � + V p )  and ordinate intercept of 
�(fVe + Vp + KD')/(V� + Vp). 

The general equation and graphical analysis de
scribed in this article may also be used when the 
initial assumptions concerning the irreversible com-
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partments are modified. Let us assume that the ir
reversible region is a single compartment that is not 
completely "irreversible," so that there is a slow 
loss of the test substance to the blood, described 
by the rate constant kb' where kb is much smaller 
than the other eigenvalues of the system. This mod
ification of the irreversible region will be indicated 
by quotation marks to indicate a slow loss of the 
test substance from the "irreversible" compart
ment. The differential equation for the amount of 
test substance in the "irreversible" compartment 
Aj is 

dAlt) 
input - kb Alt) (12) 

dt 

where input is the amount of substance that enters 
into the irreversible region per unit time from the 
blood and the reversible compartments. 

Since kb is assumed to be small and is defined as 
the net rate constant for loss to the blood, the value 
of the input will be the same as when kb = O. If the 
subscript 0 is used to denote the amounts in a com
partment when kb = 0, Eq. 2 may be rewritten as 

K = 
Ajo(oo) 

r Cp (t)dt 
(13) 

For the same situation as discussed before (Eq. 4), 
and by the same reasoning, 

(14) 

Thus, inserting Eqs. 3 and 13 into Eq. 14 and dif
ferentiating yields 

dAjQ(t) 
= KC (t) 

dt p 
d{[1 - flt)]Ae(t)} 

dt 
(15) 

Comparing Eqs. 12 and 15, and since the value of 
the input will be the same as when kb = 0, it is clear 
that the right-hand side of Eq. 15 is the input (Eq. 
12) into the "irreversible" compartment. Thus, in
serting the right-hand side of Eq. 15 into Eq. 12, 
solving the differential equation, integrating by 
parts, and using the fact that 

yields 

Am(t) = e-kb' fekbT{KCpCT) + kb[l - flT)]Ae(T)}dT 

+ flt)Ae(t) + VpCp(t) (17) 
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Since [1 - flO] < 1, Ae <' VeCp' and kb � K. then 
for t > t*, by the same argument as before, Eq. 17 
may be rewritten as 

(t 
e-kb(t-T)C (T)dT 

Am(t) Jo p 
-- = K + (]V + V )  (18) 
CpU ) Cp (t) 

e p 

If the substance in the "irreversible" compart
ment does not leave directly into the blood but en
ters the reversible compartment, then by a similar 
argument as above Eq. 18 is still valid, where kb is 
now equal to the rate constant for leaving the "ir
reversible" compartment times the probability that 
the substance will then pass into the blood before 
it goes back into the "irreversible" compartment. 

Finally, consider the application of Eq. 18 to the 
situation discussed before in which Cp cannot be 
measured but Am can be measured in two different 
tissue regions, with the test substance being irre
versibly trapped in only one of the regions. Thus, 
by a completely analogous approach to that used 
before, and remembering that kb is assumed to be 
much smaller than any of the other eigenvalues of 
the system, the .;ounterpart of Eq. 11 becomes 

A�(t) 
K 

f e-kb(t-T)A�(T)dT 
o 

(V� + Vp) A�(t) 

JVe + Vp + KD' 
+ -----'-----

Vb + V;' 
t > t* (19) 

Thus, plotting Am(t)IA�(t) versus fb e-kb(t-T) 
A�(T)dTIA�(t) should yield, after a time t*, a 
straight line with a slope of � KI(V b + V p )  and 
an ordinate intercept of �(fVe + Vp + KD' )I 
(V� + Vp).  

DISCUSSION 
The graphical method to analyze multiple-time 

data points (Patlak et aI., 1983) has been derived in 
a simpler, more direct manner and is expanded to 

include situations that might be encountered in a 
wider set of experimental applications. Three mod
ifications of the original analysis were addressed 
and result in general solutions to the following ex
perimental conditions: (a) the plasma concentration 
of the test substance cannot be readily measured, 
but there exists a brain region that can be sampled 
that does not specifically bind or trap the test sub 
stance (i.e., has no irreversible compartments); (b) 

trapping of the test substance in a particular region 
of the brain is not completely irreversible; (c) a 
combination of these two conditions. 

The derivations in this article are useful for at 

least three reasons. First, the resultant equations 
are valid for a very general system (i.e., no specific 
arrangement of the compartmental system with re
spect to the configuration of the actual system is 
required, except that there must be at least one ir
reversible compartment). Thus, the particular ana
tomic details of the system (endothelial cells, extra
cellular space, glial and nerve cells, intracellular or
ganelles, reversible binding, etc.) are of no 
importance in deriving the general equations. 
Second, the equations show what can be found 
from the data when the analysis is limited to data 
collected for the period t > t* (when the reversible 
compartments are in effective steady state with the 
blood plasma). Additional information about the 
system can be derived only from data obtained 
during the period t < t*. Third, this approach re
sults in equations with at least one less nonlinear 
term than if the compartmental analysis were per
formed on the simplest nontrivial model (e.g., a 
single reversible compartment between the blood 
and an irreversible compartment). 

In the model it is assumed that blood that leaves 
the region of measurement is replaced by an iden
tical volume of blood that enters the region, so that 
the non plasma portion of the blood may be treated 
as if it were simply another portion of the com
partmental system. If the blood volume is small and 
ifJis not close to 0 (fVe � Vp ),  the blood volume's 
effect on the value of the ordinate intercept of the 
graphical plot will be small (Eq. 7). When the test 
substance has reversible entry into red cells or re
versible binding with the plasma elements, then 
after time t* the red cells and plasma elements are 
in steady state with the plasma. Under these con
ditions, the (fVe + Vp ) and (Vb + Vp) terms in 
Eqs. 7, 11, 18, and 19 include both plasma and red 
cell components. However, if the test substance is 
irreversibly bound to blood elements (red cells, 
platelets, or plasma protein), this binding will be 
included in the irreversible compartments. When ir
reversible trapping in the blood is substantial, this 
will affect the slope of the graphical plot. Finally, if 
the test substance has a high extraction during its 
passage through the capillaries for the period t > 
t*, its arterial and venous concentrations will be 
appreciably different, and this fact must be taken 
into consideration; i.e., Vp will represent some ap
propriate weighting of different arterial, capillary, 
and venous volumes. 

Specific applications 
Consider a system with a single reversible com

partment and a single irreversible compartment, 
similar to the one used by the deoxyglucose method 
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(Sokoloff et aI., 1977) to study glucose metabolism 
in brain. The test substance enters the reversible 
compartment from the blood plasma with a rate 
constant kl and can leave the reversible compart
ment in two ways. It can move back into the blood 
with a rate constant k2 or it can enter the irrevers
ible compartment (e.g., deoxyglucose can be irre
versibly phosphorylated) with a rate constant k3• 
The model will be further extended to account for 
reversible binding in studies such as those involved 
in specific ligands. That is, it will be further as
sumed that the test substance may also be revers
ibly bound to sites within this reversible compart
ment. Since only times >t* are considered in the 
analysis, the amount reversibly bound will be in 
equilibrium with the amount passively distributed 
in the compartment and can be expressed by the 
equilibrium constant Keg' Thus, for this specific 
model, 

and therefore 

K = 
kl k3 

k2 + k3 

k _--'1'----- (1 + Keq) 
k2 + k3 

kl k2 
(1 + K ) 

(k2 + k3) 2 eq 

(20) 

(21) 

(22) 

(23) 

a result that agrees with that found by a compart
mental analysis of this system (Gjedde, 1982) for 
the case of no reversible binding (Keq = 0). 

If this model also applies to tissue without irre
versible binding, then k'J = 0 and 

k' 
V� = 

k
� (1 + K�q) (24) 

Equation 24 illustrates the well-known fact that for 
a tissue region devoid of irreversible binding, the 
steady-state space is the same as the equilibrium 
space of the test substance. 

In particular cases, when blood plasma is not 
sampled but tissue measurements are obtained in a 
second brain region devoid of irreversible binding, 
it may be reasonable to assume that 

ki kJ - --
k'l k2 

K�q = Keq 

fVe � Vp 

V� � V;' 
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(25) 

The slopes and intercepts for Eqs. 11 and 19 then 
become 

slope (26) 

intercept 
( k2 ) 2 

kl k3 
k2 + k3 

+ 
ki(k2 + k3) 

(27) 

This analysis does not require blood or plasma mea
surements. It is interesting to note that Wong et al. 
(1984), using a different set of equations in which 
plasma concentration terms appear, generate a 
graph for which the slope and intercept are the same 
as those in Eq. 11. Using a compartmental analysis, 
they derived equations that agree with Eqs. 26 and 
27 for the case of Keq = 0 and kJ = kJ'. It is ap
parent from Eq. 27 that the intercept depends upon 
(k2/k3) as well as (kJ/kJ'), and thus may have any 
value for this particular system. Also, the intercept 
is unaffected by nonspecific reversible binding. 

To obtain values for any or all of the rate con
stants [kJ, k1', k2/(1 + Keq) , and k3/(l + Keq)), it 
can be seen from Eqs. 20, 23, 26, and 27 that both 
sets of measurements (Am/Cp and Am/Am') are nec
essary. However, if k2 � k3' the slope/intercept for 
Am/Cp graphical plots and the slope for Am/Am' plots 
will approximate k3/(l + Keq); whereas if k2 � k3' 
the slope of the Am/Am' plot will approximate kzl 
(1 + Keq) , while the slope of the Am/Cp graphical 
plot will approximate kJ• 

For the case where the blood plasma, after some 
time, can be described by a single exponential with 
exponent (-l3qt), where I3q is not negligible but is 
smaller than the smallest eigenvalue of the system, 
Eqs. 7, 11, 18, and 19 are still valid and the slopes 
of these equations are not altered. However, the 
intercepts of these equations are changed and are 
now functions of I3q also. For the example discussed 
above, with the added provision that the reversible 
binding reaction is much more rapid than the rate 
of blood plasma change, the steady-state space of 
the reversible compartments Ve is given by 

V = 
kt(1 + Keq) 

e 
(k2 + k3) - I3qCI + Keq) 

(28) 

whereas the intercepts of Eqs. 11 and 19 are given 
by 

intercept 
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where the expression for Ve is similar to that de
rived by Gjedde et al. (1985) when there is no re
versible binding. 

In all cases, the graphical method requires that 
the test substance in the reversible compartments 
be effectively in steady state with the test substance 
in the blood plasma. The time to reach an effective 
steady state between blood plasma and the revers
ible compartments is defined as t* and is indicated 
by the earliest period for which the graphical plot 
is linear (Patlak et aI., 1983). The value of t* will 
vary with different test substances and different 
tissue regions. In some cases, t* may exceed the 
practical time limit over which a particular experi
ment can be run; therefore, the graphical method 
cannot then be used to analyze the data. 

One application of the above derivations is the 
analysis of specific receptor-ligand studies in 
which blood plasma levels of the test ligand are un
known or measured with difficulty. Indeed, the 
studies of Wong et al. (1984) provided the initial 
interest to address this problem in a more formal 
manner. For example, it has been shown that re
ceptors for specific neurotransmitters are absent or 
have much lower affinity for the test ligand in cer
tain brain structures and that the time course of 
tissue radioactivity in different structures can be 
compared after the administration of particular ra
diolabeled ligands. In such cases, Eqs. 11 and 19 
could be applicable. 

Graphical analysis of receptor-ligand binding 
studies requires the use of "tracer" quantities of 
the test ligand and assumes that the number of 
"available" receptors for ligand binding remains 
constant during the experimental period. These 
conditions must be met for the analysis to be valid. 
If the irreversible steps of the general model are due 
to binding to a saturable receptor, then for the par
ticular compartmental model being discussed here, 
the rate constant k3 is equal to the "true" affinity 
constant times the number of available receptors 
(Mintun et aI., 1984). Thus, k3 could be influenced 
by receptor interactions with endogenous ligands 
and nontracer amounts of the test ligand as well as 
receptor-ligand affinity and the total number of re
ceptors in the system. 

The analysis of actual experimental data obtained 
with specific ligands is likely to be complicated by 
the presence of significant amounts of metabolites 
in blood and tissue. Using the graphical approach 
in the analysis of such data requires particular cau
tion. In all cases, the presence of metabolites in the 
tissue parenchyma (nonvascular compartment) or 
the irreversible binding of radiolabeled metabolites 
to blood elements in substantial amounts will in-

validate the analysis. Under conditions when the 
metabolites are found only in the plasma and 

Cx 
fVe � Vp + Vx C (30) 

p 
where Vx is the intravascular volume of the metab
olites and Cx is the concentration of metabolites in 
plasma, the equations as previously written are still 
valid. If C/Cp becomes large, the above relation
ship may not be valid and Eqs. 4, 7, 9-11, and 16-
19 cannot be applied to the experimental data. Of 
course, if Cp and Cx are known, the appropriate 
corrections can be made and Eqs. 7 or 18 can be 
applied to the corrected data. 

Although specific test substances and ligands 
may be metabolized in blood or systemic organs 
and an increase in metabolites observed in the 
blood, these metabolic products are often water
soluble conjugates that would be expected to cross 
normal brain capillaries slowly. This important 
point requires experimental verification for each 
test substance or ligand being studied. If metabo
lites do not cross into the brain parenchyma appre
ciably during the course of the experiment and if 
they cannot be subtracted from the total radioac
tivity in the blood (due to the difficulty in measure
ment and the short half-life of the isotopes), then 
the analysis of two different regions of the brain 
(one with and one without an irreversible binding 
of the test substance) may be tried with caution and 
knowledge of the specific limitations discussed in 
the preceding paragraph. 

Most biological reactions do not occur in a com
pletely irreversible manner. This consideration led 
to the incorporation of a reverse rate constant from 
the "irreversible" compartments to blood, kb' in the 
general model. To find the value of kb experimen
tally, the data should first be plotted graphically 
using Eqs. 7 or 11, depending upon the type of data 
collected. If the resultant curve, for t > t*, is con
cave rather than straight, then kb > O. The data may 
then be replotted, using Eqs. 18 or 19, with different 
values of kb in a step-wise manner until the resultant 
curve, for t > t*, is a straight line. For the specific 
model described above, but with the addition of a 
rate constant, k4' from the "irreversible" compart
ment to the exchangeable compartment, the net rate 
constant for loss to the blood is then given by 

kz kb = k4 (31) kz + k3 
Thus, when kz � k3' kb = k4. If experiments are 
performed for which both Eqs. 18 and 19 are appli
cable, then k4 may be easily calculated from a 
knowledge of kb and Eqs. 20, 23, 26, and 31. 
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Nonspecific reversible binding of the test sub
stance or ligand within the tissue will result in 
values of Ve and V� that are greater than those ex
pected from the reversible compartments without 
binding. This is shown by Eqs. 21 and 24 for the 
specific model discussed above. Nonspecific 
binding will influence the slope but not the intercept 
of the graphical plot (Eqs. 26 and 27). It will also 
reduce the effect of measurable metabolites in the 
blood on the analysis as discussed above (Eq. 30). 
Estimates of Keq would be facilitated if a tissue re
gion existed in which nonspecific reversible binding 
as well as specific binding within an irreversible 
compartment did not occur. Alternatively, esti

mates of Keq could be obtained by comparison of 
the test substance with an appropriate analogue 
substance that distributes only in the reversible 
compartments (without specific or nonspecific 
binding) to the same extent as the test substance. 

CONCLUSIONS 
The general approach of graphical analysis is 

based on irreversible trapping of the test substance 
in one or more tissue compartments during the ex
perimental period. In this article, the analysis was 
expanded to include situations when only specific 
tissue regions are accurately sampled (blood or 
plasma sampling is not required) and when trapping 
of the test substance is not completely irreversible. 
This greatly increases the potential applications of 
the graphical method to analyze sequential, timed 
data. One such application is the analysis of data 
obtained from specific receptor-ligand studies. 

APPENDIX 
The following derivation will use the same nota

tion as in Patlak et al. (1983), and familiarity with 
that article will be assumed. The relationship for 
this reversible region compartment system may be 
written as 

dA' = K' A' + Q' C (t) (Al) 
dt p 

where A' is the vector of the amounts in the totally 
exchangeable region compartment, K' is the matrix 
of the rate constants for this region, and Q' is the 

vector of rate constants from the plasma to the com
partments of the totally exchangeable region. If Un 
is the column vector of I's, then 

A�(t) = U/ A'(t) 
(A2) 
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Integrating both sides of Eq. AI, using the fact 
that the totally exchangeable compartments are 
empty at t = 0, and then mUltiplying both sides by 
UnT(K')-1 and using Eq. A2 yields 

Since, as shown in Patlak et al. (1983), for t > t*, 

A' = _(K')-l Q' Cp(t) 

and since 

t> t* (A4) 

Am'(t) = AW) + Vp Cp(t) (AS) 

then defining D' as 

UnT(K')-2 Q' 
D' = (A6) 

V� + Vp 

and inserting Eqs. 9 and A4-A6 into Eq. A3 and 
rearranging produces Eq. 10. 
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