BME Transport HW 6


Transport in BME (BME 495 or BME 461)

IUPUI, Fall 2008

E. Morris (instructor)

Handed out Sept 25, 2008       (    Due Oct 2, 2008    

Homework #6

1. Show that 
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What is A?

2. Show that 

a. erf(-z) = -erf(z)  (i.e., erf(z) is and "odd" function")

b. erf(0) =  0

c. erft(∞) = 1

3. Modify the program heat_distribution.m  in order to explore and clearly demonstrate the behavior of the diffusion of mass (or the “conduction” of heat) from the initial condition of two notches separated by a distance a along the x axis.

The program will be distributed by email. It contains the initial condition, and the analytical solution to the 1D diffusion problem.

a. add a loop over time to the program to demonstrate (on one plot) the progression of the concentration profile over time (plot over x = [-10,10].

b. add labels to some or all of the curves so it is CLEAR how they progress in time.

c. what is the steady state solution to this model (show me via your simulations)

4. As we have discussed in class, superposition and linearity allow us to build up complicated solutions from simpler ones.

a. using the derivation we did in class on Thurs Sept 25 as a guide, break the solution given in heat_distribution.m into two simple solutions that you recognize and that can be used to build the total solution.

b. plot the simpler solutions on a separate axis and show numerically that they add to the total solution given.

5. Use Laplace transforms to solve the semi-infinite diffusion problem we examined in class.

a. Why is the Laplace transform well suited to this problem?
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IC :

      C(x,t) = 0;      x>0;    t=0

BC :

      C(x,t) = C0;   x=0;   t>0

      C(x,t) = 0 ;     x= ∞;  t>0

Steps :

transform the diffusion equation w/r to t using the LAPLACE transform

apply the initial condition

solve the ODE in the Laplace domain

(you will need to transform the boundary conditions before applying them in 

the transform domain).

find the inverse transform to the Laplace domain solution in a table

6. Solve the notch problem with Fourier transforms with respect to x.

a. Why is the Fourier transform best suited to solve the diffusion problem on the infinite line starting with a notch function as the initial condition.

b. 
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IC :

      C(x,t) = (x);      -h < x < h;    t=0

where (x) = H(x+h) – H(x-h)   and H is the Heaviside (or unit step) function.

Steps :

transform the diffusion equation w/r to x  using the FOURIER transform

apply the TRANSFORMED initial condition

solve the ODE in the Fourier domain

the solution in the Fourier domain is a product of two functions.

what form will the inverse transform take?

How do you explain what you have found here from a “signal processing” standpoint.  (Try to channel Dr Alfrey for help.)

Show this form as an integral. 

7.  Extra credit.

Finish the solution in #6 to get the answer we got in class in terms of error functions (there we used an impulse response function approach).

Justify your steps.

8. Read the model setup in the Lee, Saidel and Penn paper.  Figure out what the physical system is that is being described and what the two alternative models are.  (I am currently contemplating using these models on the exam.)

++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

Program heat_distribution.m is here:

% program heatdistribution.m
%
%     This program computes the solution of the heat equation 
%   u_t - ku_xx = 0 on the  line   with  Neumann condition at x = 0
%   ( u_x(0,t) = 0 ). The initial data is a double-notch function 
%   f(x) = 1 for -2 < x < -1 and 1 < x < 2 and zero elsewhere.  The solution is 
%   written in terms of the error function. The vector "total_solution"
%   has the values of the Neumann solution.
%      Plot solution on -10 < x < 10. 
% Plot solution to Neumann problem for multiple times
%TIME POINT 1
    lt= 0.0001;
    x = -10:.05:10;5;
    t = lt^2;
    d = sqrt(4*t);
    total_solution = .5*(erf((2-x)/d) -erf((1-x)/d) +erf((2+x)/d) -erf((1+x)/d) );
    plot(x,total_solution, 'red')
    axis([-10 10 0 1.5 ])
hold on

 %TIME POINT 2
    lt= 0.1;
    x = -10:.05:10;5;
    t = lt^2;
    d = sqrt(4*t);
    total_solution = .5*(erf((2-x)/d) -erf((1-x)/d) +erf((2+x)/d) -erf((1+x)/d) );
    plot(x,total_solution, 'green')
%TIME POINT 3
    lt= .3;
    x = -10:.05:10;5;
    t = lt^2;
    d = sqrt(4*t);
    total_solution = .5*(erf((2-x)/d) -erf((1-x)/d) +erf((2+x)/d) -erf((1+x)/d) );
    plot(x,total_solution, 'blue')
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