Albumin
Sucrose

Tracer water

Nitrous oxide

Multiple Indicators;
Capillary Permeability

11.1 Introduction

The use of multiple indicators with different characteris-
tics constitutes a powerful tool for dissecting the black box
without entering it physically. In circulation studies three cate-
gories of tracer can be discerned: vascular indicators that remain
in the vascular bed even in the microcirculation; extraceliular
indicators (hydrophilic) that pass the capillary wall through
water-filled pores, but are unable to cross the cell membranes
and hence are confined to the extracellular spaces; and freely
diffusible indicators (lipophilic) that cross all cell membranes
and hence are distributed throughout the entire tissue.

In this chapter we outline some of the possibilities afforded
by these three classes of indicators in studies of the transfer
of substances between blood and tissue in body organs, with
particular reference to the assessment of capillary permeability.

11.2 Vascular Indicators

If the amount mg of a vascular indicator such as >1Cr-
labeled red cells is injected rapidly (= 0.5 sec) into the arterial
inflow to an organ, the venous curve has its characteristic shape;
it starts after a delay of several seconds, rises sreeply to a
maximum value, then descends more slowly toward 0.

Many attempts have been made to explain this particular
response—the “skew normal” or “logarithmic normal” curve
shape. In general terms it can be said that the existence of a
maximum point on the ¢y curve corresponding to the most
frequent transit time fnax is not surprising. If this is true then
cy must rise from 0 to gpax In the interval 0 — ;.. But in
principle endless time Zyax — % is available for washing indicator
out of the system, hence the skewness. Otherwise expressed,
a dispersing distribution sweeping past a fixed observer by con-
vection will appear to that observer as a skew normal distri-
bution simply because more time is available for dispersion
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on the downward portion as compared with the upward portion
of this curve. In the limit of infinitely fast dispersion relative
to convection the downward portion represents compartmental
washout. The skewness is increased by washout from “slow
sites.”

Compartmental model

Suppose that the system is the central circulation consist-
ing of the right side of the heart, the lung, and the left side
of the heart. The anatomical arrangement suggests that a chain
model (catenary) (1) —(2)— (3) be used, in which each compart-
ment supplies the input to the next downstream compartment
with no backflow. This model gives the results derived in Chap-
ter 10:

Define wi(1) = ci(t)/m,

and k; = F/Vd; [11.1]
where i= 1,23
Then
Wy _1 kge™ kst
!.
) 1 Kk ks e e [11.2]
Wa F (ks k) (e~ e~ %)
1 . }'\-lk,—,k:l
Wy = — - P
F(ki — ko)(k, Kl ks — k)
[(hz — Kade M4 (kg — ke %20+ (k) — ky)e s 1

This model represents the minimum number of pools that result
in a solution compatible with the shape of a vascular outlet
curve. But the delay timeis not reproduced. Hence the compart-
mental model could be made to include a delay line. This device
is a tube with plug flow and of length L in which the blood
flows with the velocity w such that the appearance time ta is
L/u. The time 7in Eqgs. [11.1] and [11.2] is now regarded as

= [ons la

[11.3]

Now the curve can be reproduced and one can by conventional
curve analysis find the values for the five unknowns ta, Vd,
Vd,, Vds, and F. Noting that since F, Vd = Vd, + Vd, +
Vds, and ta are readily obtained by other means, namely

-

F mﬂ/J’ o (t)dt
C

! J 10y rf)df,'j o (1)dt r
] 0

ta = read directly off curve

Vd= F(i— wa) 3

[11.4]
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Out €—

the task of finding a solution is not formidable. Yet it is of
no use because the volume estimates obtained bear no clear
relationship to the actual volumes. The fitting by three exponen-
tials and a delay line also gives too much freedom, especially
because the tail part is “hidden” under the recirculation. There-
fore the accuracy of the estimates is poor. The important check
would be to measure ws(t) and wa(t) experimentally and thus
to see if they agree with the values predicted by the model.
There is, nevertheless, one important aspect of the com-
partmental model that should be remembered. This is the cate-
nary arrangement of a series of systems, each one feeding the
next and with no backflow. In this terminology the final outlet’s
response is the convolution of all subsystem responses:

[“"‘n\ll (”]*\:lxr =1 * 5 *En IIIS]
where g, g. . . . g are the impulse responses of systems, 1,
2, . . . . n This result can be used if one injects a diffusible

cotracer such as **Xe or #*Kr. Suppose the impulse response
of 133Xe in the lung capillary was gx.. Then

[Wout(lxe = @1* 2. . . . % En ¥ Exe [11.6]

where g 1s placed at the end because convolution is com-
mutative. Now g * g * g, as given by the vascular cotracer
as [Wout(t]vasc. Hence [Wout(tlxe = [Wout(lvase. * gxe. Con-
versely, one could use a deconvolution approach on the two
sets of experimental data, [Wout(?/]vase. and [Wour (t)]xe, to find
Se:

Convection—dispersion model

Suppose that a vascular indicator is injected as a bolus
in the pulmonary artery and outflow detection is made from
a pulmonary vein. An earlier appearing, more rapidly rising,
and more monoexponentially decreasing curve is obtained than
in the experiment in the preceding section where the right heart
and left heart were also traversed. Nevertheless, the curve is
still substantially different from the delayed monoexponential.
This demonstrates the failure of the three-compartmental
model. This suggests the use of a series of compartments to
represent the lung arteries — capillaries — veins. As a limiting
case we shall use an infinite series of regularly related compart-
ments. This model is based on both convection and dispersion
as expressed in the form of a partial differential equation.

The convection—dispersion model sees the black box as
a labyrinth of capillaries starting from one delay line (arteries)
and going to another delay line (veins). The intercapillary dis-
tance is 10 to 100 p. At close view a randomness of connections
is seen.

Velocit
l F/
FL



; of
lear
en-
ally
are-
eck
hus
del.
ym-
ate-
the

et's

1.5]

o
ible
Nse

|.(1]

m-
cer
on-
WO

ind

slus
‘om
ing,
han
zart
e is
tial.
ntal
5 to
ting
art-
sion

< as
‘es)
dis-
ons

Velocity:

u= F/4

= /1

E
y

o2 LR

¥a / 1

ox

Multiple Indicators; Permeability 159
Convection—Dispersion Model
Arteries Capillaries Veins
A
™ I
=3 P F—> (A= Iaroa}
-
/\/\
dx I I
&) ¥ L

Convective Convection and Conveclive

delay, dispersion,

delay

All statistically averaged properties are assumed constant in
the two dimensions perpendicular to x but they may vary
smoothly in the x-direction.

Mass balance for a volume element dF = Adx with 4
the constant cross-sectional area and ¢ its mean concentration,
gives per unit area that

dé Pé dé

-~ - 7 S
e y dx? dx

[11.7]

The right side represents the spatial changes of average indica-
tor concentration due to (1) dispersion by diffusion and by
the random flow pattern in the capillary network, and (2) con-
vection due to the forwardly directed component of capillary
flow. We use the symbol D; to indicate the dispersive process
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For details of how to solve |",q [11 _r']
see Perl, W., and Chinard, F. (1968):
Circul. Res., 22:273

I'hat is, the intravascular pathways
traversed by the tracer molecules vary
enough to give (practically) all the
dispersion observed.

Water 1s in most contexts “freely
diffusible.”

D-glucose and other metabolites cross
cell membranes; they do not belong
to the extracellular indicators.

similarity to simple Fick diffusion even though diffusion may
be only a minor part of the dispersion effect.

Solution of Eq. [11.7] gives a family of theoretical bolus
injection—outflow detection curves that may in nondimen-
sional units be expressed as a plot of Fic(L,t/t)mq versus (/i
for various values of the Peclet parameter

Peclet Parameter

[}  I*F _ul
D DV D

g [11.8]

Little work has been done to apply Eq. [11.7] to experi-
mental vascular indicator curves. Approximate curve fits of
the above illustrated curves in dog kidney yield 8 — 10. Using
freely diffusible indicators of known diffusibility in tissue (and
assuming that D; = D for such indicators) and Eq. [11.8], L
could be estimated and compared with anatomical estimates
of the probable average distance from arteriole to venule. Tak-
ing a value for L of 200 p = 0.02 ecm and a mean transit
time of 4 sec yields for a vascular indicator [use Eq. (11.8)]

(0.02)2

Dy -
10X 4

10 %cm?/sec [11.9]

This result may be compared with the diffusion coefficient of
albumin, D ~ 1077 ecm?2/sec (albumin was the vascular tracer
used, but D, would be almost the same for labeled red cells
where D = 0). The discrepancy suggests that the random capil-
lary convective component dominates completely over diffusion
for such indicators; the similarity of curve shape for red cells
and for albumin also leads to this conclusion.

11.3. Extracellular Indicators, Their Volume
of Distribution

Typical extracellular indicators are sucrose and inulin.
They do not cross cell membranes, or more precisely expressed,
their uptake in cells is so slow that it can be neglected in the
context of the experiments considered here.

The intravascular indicators, such as labeled red cells,
labeled proteins, or labeled dextran molecules, are of course
also extracellular. But similarly, in the context of the experi-
ments considered they remain essentially intravascular (less
than 1/1000 of albumin molecules cross the average body capil-
lary’s wall in one single passage).

A list of commonly employed extracellular indicators is
given as Eq. [11.10]. They are relatively small and strongly
hydrophilic molecules

5C
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Some Extracellular Indicators

Molecular weight

Molecule (approximate)
Creatinine 113
Mannitol 180
Sucrose 340 [11.10]
SIChromium-EDTA 360
Raffinose S00
Inulin 5500

The extracellular indicators have a longer mean transit
time / than the intravascular ones. And, correspondingly, their
volume of distribution is larger as it also comprises the intersti-
tial space.

Because the fluid in the extracellular space is a plasma
ultrafiltrate one should when calculating the interstitial volume
from a double indicator experiment express the flow F as the
fow of plasma water. Let the pair of indicators be labeled albu-
min and sucrose. Then, using outlet detection after bolus injec-
tion with w(t) = eft)/my:

Fall J twithde
d1D 0
:'- } L [11.11]
sSuc.
: j wit)d!

and

Finterst = | Ve Jsue [ ¥d)am [11.12]

where both volumes are found by multiplying 7 by F.

Evidence is presently accumulating showing that the ex-
tracellular indicators do not distribute in precisely ihe same
space. The space is largest for the smallest molecules, indicating
that some passages or spaces are so narrow as to be accessible
only to small molecules. The experimental evidence pointing
to this conclusion has come from studies of the whoele body,
from muscle, and from kidney. They suggest that the volume
for small molecules is 50 to 100% larger than for big ones.

Where can the excess volume available only for the small
molecules be located? Two sites are being discussed: a) The
extra volume is the “interior” of large but loosely knit macro-
molecules in the anatomical interstitial space (such as collagen
or hyaluronic acid complexes). b) The extra volume is anatomi-
cally located inside the cells in organelles that communicate
by means of narrow passages with the anatomical interstitial
space. The electrolyte composition of these organelles would
then be extracellular.
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Chinard, F. and Enns, T. (1955): Am. S

Physiol, 178:197.

cft)/meg

11.4. Extractionand Transmission

It is of fundamental importance for the analysis of the
indicator curves of extracellular indicators to recognize that
in many instances the passage from the blood to the interstitium
is significantly impeded by a barrier of very low permeability,
that is, a permeability several orders of magnitude less than
a layer of water of equal thickness. It is often held that the
most permeable part of the microcirculation is the venules but
capillaries, arterioles, and even the larger vessels are all perme-
able but to a variable degree. What we in the following sections
call capillary or blood-tissue permeability is an average of total
microvascular permeability.

How can one know that the capillary wall constitutes a
barrier? Direct observation of single capillaries injected with
dye has led to this knowledge. Also, the indicator curves suggest
the situation first pointed out by Chinard and Enns. If one
injects a mixture of a vascular indicator (usually T-1824 albu-
min) and various extracellular test indicators such as urea,
fructose, sucrose, and inulin into the arterial inlet to skeletal
muscle then the venous outlet curves all have their peak value
practically simultaneously; the test substances however, has a
lower peak height. This suggests that a fraction of the test
molecules has left the vascular bed with the remaining fraction
washed out in the same way as the intravascular reference
indicator. In the tail part, however, the test molecules show
curves that lie higher than that of the reference indicator, due
to back-diffusion of the indicator molecules from the intersti-

tium.
QOutlet concentration curves
per unit dose injected

}\ Reference substance that

/T-'IBEJ- \ remains intravascular

Sucrose Test substances that
& diffuse into angd back

from an interstitial

space
Fruclose

It Is the practically identical shape of the initial curve
part that suggests that the early part consists essentially only
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of those tesi molecules that have stayed inside the vascular bed
throughout their passage through the tissue.

A model can be made of this result by assuming a capillary
permeability so low that only a fraction F is extracted and
the remaining fraction | — £ = T'is transmitted. This means
that the unit response function for the test molecules is given
by two parallel pathways, so that

Grest(t) = (1 — E)givase m+j

i
E Zextracen. (1) [ ]

In this situation gexiracen. (Z) is considered to be the convolution
of the vascular transfer function g vase and the extravascular
one (for that molecule) g. . as.. Thus

&rest (] ']".]L'l'f E.ﬁ'l * 2

ST Eie [11.14]

Equation [11.14] is the model for extraction and transmis-
sion. g has a mean transit time 7 scveral times that of g
(the interstitial volume is several times that of the plasma vol-
ume of the vessels in the tissue): assuming that the interstitial
space is well-mixed (that is, g. = ke % with &k = 1/1), back-
diffusion @s negligible during the upslope portion of gus (1),
for which ¢+ << £.

But the crux of this problem cannot be solved by calcula-
tions. One cannot a priori state that the interstitium will func-
tion as a reasonably well-mixed space. Hence the experimental
evidence of the similarity of the shapes of the early part of
test and reference curves becomes cssential. This experimental
result is best expressed as a constant extraction ratio

Exfraction Ratio in Successive Samples

Wret — Wiest

eft) [11.15]

Wrel

I'he e(t) curve 15 practically horizental (proportionahty
of cest and crer). This 1s compatible with a) equal extraction
in various transits, b) the reference curve giving a good estimate
of what would have been found if no loss had taken place
(equal intravascular transfer function of nonextracted test mole-
cules and of all reference molecules), and c¢) negligible early
back-diffusion,

Accepting these assumptions, one obtains a measure of
the average extraction of the transcapillary transits from the
fastest ones to the most frequent one (peak time) from the
area ratip expressed in Eq. [11.16], and with integration symbols
in Eq. [11.17].
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for some relerences see Capillary
Permeability, Crone, C. and Lassen, N
eds. Academic Press, New York, 1970.

A,

Normalized QOutlet Curves of Test and Reference Indicator

:.?(I,I."m..f\ relerence curve G

o _ Ar— At -
\ E=1—T s [11.16]

(Wit))

total area = A,

Flow-averaged Mean Extraction

i 0
Woef Wiest
0 0

E= -2 [11.17)

L
Wrer
0

Various other ways of assessing / from the upslope part of
the curves have been proposed. We only give the area ratio
method, which affords a flow weighted mean of all transits
until the peak time #, which is the most frequent (vascular)
transit time of the system.

[t should be noted that four other methods have been
described for assessing £ from indicator studies:

1. The steady-state method of Renkin that in its initial
part is identical to the bolus injection method of Chinard and
Enns as further developed by Crone, described above. After
the initial few seconds Renkin’s method is, however, quite mas-
sively influenced by indicator back-diffusion.

2. The local tissue injection method of Lassen, where a
freely diffusible reference indicator '3*Xe is injected locally
into the tissue in a mixture with the test molecule. In this
method the interstitial fluid volume must be guessed at and
this adds a considerable element of uncertainty to the method.

3. The residue detection method of Sejrsen which takes
advantage of the fact that at sufficiently low extraction fractions
the transmitted and extracted moieties can be clearly seen as
separate. This method is correct if the injection is rapid (so
that m9 = Mmax) and if the two fractions are well-separated.
It has the advantage that no blood samples are needed. The
method has not yet been critically evaluated.

Tayl
(Lon

Gore
Perm

Wit
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4. The tissue uptake method of Oldendorf where a bolus
is injected intraarterially, comprising a reference substance that
indicates the fractional amount of bolus to the tissue (labeled
water was used by Oldendorf: microspheres are more correct
in theory) and a test molecule. After 15 sec the tissue (the
brain was studied) was sampled, that is, at a time when the
transmitted fraction of test molecules has essentially left the
vascular bed while extracted test molecules remain (essentially)
in the tissue. For relative measurements comparing £ for a
series of test molecules at the same experimental situation the
method is very useful.

A comment on Taylor diffusion: The double indicator method
is based on the use of a reference tracer to indicate how the
transmitted test molecules travel. But because the reference mol-
ecule generally is larger than the test molecule, it has a lower
diffusibility and does not, therefore, undergo precisely the same
dispersion intravascularly as the transmitted test molecules. Ex-
cept when very small extractions are studied with large differ-
ences between test and reference molecular size this effect is
negligible.

In concluding this section it i1s emphasized that in many
organs (e.g., liver or kidney), the capillary permeability is rela-
tive to the blood flow so high that for small size indicators
almost all the molecules cross the capillary wall in a single
transit. In this case the peak of the test-molecule curve is quite
low and typically delayed relative to the intravascular indica-
tor’s peak. In this case the intravascular and extracellular curves
are of similar shape iIf scaled by /7 (Goresky, 1970). Another
way of expressing the limitation of the upslope method of Crone
15 to stress that E should not exceed 0.2 to 0.3: otherwise,
early back-diffusion as well as differences of extraction in the
different transits invalidate the method. However, for any organ
or tissue it should in principle be possible to find a test molecule
of a size that, relative to permeability and blood flow, gives a
suitably small and hence measurable capillary extraction ac-
cording to the dual indicator upslope extraction method.

11.5 Calculation of Capillary Permeability P
from Measurement of Extraction E and Flow F

Consider that all capillaries of the organ are equal (single
capillary model). Assume also that the permeability is the same
per unit of capillary surface area throughout the length and
that the diameter (and hence also surface area and flow) is
constant

With the length of the capillary £, at a distance / from
the entrance the relative distance x = [/L. Consider then a
thin disc of relative thickness dx = di/L. Mass balance of
permeant indicator gives




This is the Bohr integration: Bohr, C.
(1909); Zbi Physiol, 23:1.

Krogh, A. (1919): J. Physiol (Lond),
52:409.

o
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Mass Balance in Segment of Thickness dx

In Out Out
through through through
arterial = VEnous vessel [11.18]
end end wall
Felx) = Felx+dx) + PSdxe(x)

where PS is the product of the permeability per unit surface
area P and the surface area .S. Thus PS dx is that fraction of
the total permeability—surface area product that is available
in dx. Note that the term for the outflux through the vessel
wall, PSdxc(x), contains no term for the concentration in the
interstitium: here the concentration is assumed to remain essen-
tially 0 due to dilution into the large and fairly well-mixed
(by diffusion) interstitial space.
Rearranging and dividing by dx gives as c(x + dx)
¢fx) = dc that
. rlnd

::‘l [TS cfx) [11.19]
This simple differential equation was encountered in Chapter
10. Hence we can write the solution without intermediary steps

c(x)= c(O)e~F * (11.20]

This shows that the concentration inside the capillary falls mo-
noexponentially along the length of the capillary. At the venous

end, that is for x = 1, the concentration is

PS
Cr=Cat F [11.21]
The absence of the distance variable x in the final result,
Eq. [11.21], of the preceding analysis suggests the possibility
that this result follows from more general geometries of the
blood-tissue exchange region than the Krogh cylinder. The
“bare bones™ basis of the preceding derivation is solute balance
in the form

Fde+ PedS=0 [11.22

The solute concentration ¢ is here regarded as a function
of the cumulative exchange area S that varies from S = 0 at
the “sources™ (arterioles or prearteriolar vessels) to § = s at
the “sinks™ (venules or postvenular vessels) of the exchange
region (the same terminology s for the variable and its final
value at the “sinks” is used for simplicity of notation). Instead
of a Krogh cylinder as the basis of Eq. [11.22] one might visual-
ize a "Krogh sphere,” in which the blood flow F flows radially
outward from an arteriolar source to concentrically situated
venular sinks. The capillary connections between sources and
sinks need not be straight or regular but might be tortuous (a
bowl of spaghetti with “'source meatballs’ and "sink meatballs™
stuck in here and there). In this case the quantities occurring
in Eq. [11.22] are to be regarded as statistical averages over
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local distance and short time interval, multiplied by correlation
coefficients if any two variables in a product are correlated either
in space or time. Equation [11.22] is prepared for integration

by writing it as
J“""’_ﬁ':J‘"."f‘i‘s [11.23]
{5 0 F i

Cq

in which the limits of integration of the left side are “‘source”
(arterial) concentration ¢, and “sink™ (venous) concentration
¢.. The corresponding limits of integration on exchange area
are 0 and S, The permeability P is in general a function of S
thus P = P(S)in Eq. [11.23]. The flow £ however, is constant
by assumption in Eq. [11.22] (for variable Fsee the correspond-
ing osmotic exchange formulation in Chapter 12). Equation
[11.23] may thus be integrated as

5
PdS ~
, 2 __f,, RS [11.24]
s F F
where
PdS
PJ_ ‘ [11.25]
5
is the “exchange area averaged" permeability. It will be seen

that Eq. [11.24] is essentially the same as Eq. [11.21].

If the tissue concentration ¢ 1s not 0 duning the passage
of solute from sources to sinks “in a single pass,” the solute
halance equation becomes

Fdet Ple—¢)dS=0 [11.26]
and Eq. [11.21] is replaced by

Co— G PS
== F=T=]—E (11.27]

Ca — Gt

In deriving Eq. [11.27] or [11.21] all concentrations are
regarded as constant in time; that is, the solute balance Eqgs.
[11.18], [11.22], or [11.26] are regarded as indicator steady-
state equations. This represents an approximation since the
experimental situation is that of an indicator transient; for exam-
ple, with bolus injection, ¢ (1), cu(t), and ¢ (t) are all time-depen-
dent. The jusiification for steady-state solute balance, 1if this
justification exists, is that the events during the indicator tran-
sient can be split into two types, fast and slow. The fast event
is the passage of indicator from source to sink. The slow events
are the variation with time of indicator concentration at the
source ¢,(t) (the rate of arrival of the dispersed bolus), the
variation with time of the indicator concentration in the tissue
o fr) (tissue washin or washout) and the variation with time
of the outflow concentration ¢ (t), controlled by ¢, (7) and ¢t/
The slow events are pictured as so slow as to be tempaorarily
“frozen” or unchanging while the fast event is taking place.
The fast event, passage of indicator from source to sink, is
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Partical differential equation model =
p— d — e model

The transmission T'is the complement
of fi e =1 —5

pictured as occurring so fast that a steady state, Eq. [11.27],
is established with the then existing values of ¢, (¢l ¢ (1), and
af)

The mathematical formulation of the preceding approxi-
mation, well known in physics as the “adiabatic’ approximation,
is to start from the rigorous time-dependent solute balance in
the vascular volume, which in one dimension (Krogh cylinder)
s

Vascular Local Mass Balance

]"mlw = Convection Permeability
derivative
defx,t) L ﬁ e(xt) PdS

o % ox Aot e
The time derivative term on the left i1s then assumed negligible,
which yields Eq. [11.26] and thence Eq. [11.27]. Equation
[11.28] is another example of the partial differential equation,
or continuum, approach to formulating models for the interior
of the black box. In Eg. [11.28] diffusion terms are neglected.
Obviously all terms may be retained for a very general formula-
tion of an inside-the-black-box model from the partial differen-
tial equation point of view. The slow time completion of the
fast time solution, Eq. [11.27] may be obtained by substituting
Eq. [11.27] into the global mass balance equation [time-depen-
dent Fick Eq. (11.28)] which is obtainable by spatial integration
from the partial differential equation formulation. The result,
for example, for a constant step function source concentration
cuft) = cq = constant is

G — colt)

Ca

= Fe# [11.29]

where
K=r— [11.30]

and Vd can be approximated as the steady-state volume of dis-
tribution of the indicator. Equation [11.29] is the basis of the
Renkin plateau method of measuring £ with correction (e *)
for back-diffusion from the extravascular volume.

We define the extraction as the fractional transcapillary
loss of test indicator in one passage through the capillary. Thus

use of Eq. [11.21] gives

=2 2P (11.31]

This means that we can solve Eq. [11.31] to obtain the permea-
bility — surface area product PS as

*-_
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Crmea-

Crone, C. (1963): Acta Physiol. Scand.,

58:292

Pappenheimer J. R, et al. (1951): Am
Physiel, 167:13
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PS 7
| —E=e”F
PS5
Ihh{l—=E)y=—
F \ (11.32)

or

PS5=—FIn (1 - k')J

As calculated here PS has the same unit as /< It could
be in milliliters of blood per minute and per 100 g of tissue.
It is more reasonable to measure PS and F in milliliters of
plasma water [i.e., plasma ultrafiltrate per minute (or second)
and per 100 g (or 1 g)]. In this way one is paying attention
to the actual situation, namely that the transcapillary transport
appears for the smaller hydrophilic (extracellular) molecules
to be diffusion through water-filled channels (pores) traversing
the vessel wall, channels filled with a fluid with a low concentra-
tion of plasma proteins. To express / and hence PSin plasma
water units one must multiply F by (1 — Htc)—to obtain plasma
flow, and then multiply by the fractional water content of
plasma (an additional correction of a few percent may be made
in the case of charged indicators due to the Donnan equilib-
rium). Having thus essentially expressed F in the same units
of flow of plasma water and with the total capillary surface
area S being constant, we can as indicated by Crone use Eq.
[11.32] to obtain the ratio of the capillary permeability of two
permeant indicators, 1 and 2

P In(l— E) (11.33

P, In(l— Ey)
where £ and E; are obtained from the upslopes of two simulta-
neously measured indicator curves. As dln (x)/dx = 1 for
x = 1 1t follows that for small values of EIn (1 —F) = —FE
This means that in conditions of high blood flow /" when the
extraction is quite small Eq. [11.32] becomes

PS=FE

But, FE is the clearance C/ of permeant tracer (see Chapter
2). Hence it follows that PS can be considered as the clearance
across the capillary wall in the case where the flow had been
made so high that the arterial concentration cg did not materially
change [small E means ¢, = ¢].

Results of measurement of capillary permeability £ in
skeletal muscle have shown that P decreases with increase in
molecular size more than the free diffusion coefficient in water.
This result is interpreted to indicate that in this organ the
transcapillary passages are quite narrow.

This was the conclusion also reached by Pappenheimer,
Renkin, and Borrero (1951). These investigators performed the
“isogravimetric permeation” experiment, in which the quantity
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measured was not permeability P but rather P/oq where oq
is the osmotic reflection coefficient (see Chapter 12). It is possi-
ble, by assuming a geometry for the interendothelial channels,
to “disentangle” the Pappenheimer et al. values of P/oq for
his series of hydrophilic solutes in cat hind limb muscle capillar-
ies into P and od values (see Perl, 1971). The results agree
with the above-mentioned measurements of tracer permeability.
Thus, a coherent model of transcapillary passive transport of
hydrophilic molecules with restricted diffusion through narrow
slits or other continuous agueous channels (“‘fused vesicles™)
seems (0 be emerging.

11.6 Freely Diffusible (i.e., Intracellular) Indicators

This class of indicators comprises lipophilic molecules
that readily diffuse across the lipoidic cell membranes. All gases
belong to this class, as does antipyrine and a number of other
fat-soluble organic molecules. A gradual transition from lipo-
phobic to very lipophilic indicators may be discerned on the
basis of the olive oil/water partition coefficient. An exceptional
molecule is water. Although hydrophilic, it is so small that it
crosses the capillary barrier by both pathways, cells and clefts
(pores). It can be estimated that tracer water diffusion across
the skeletal muscle capillary wall is only 3% via the pores
and 97% via the cells (Ex. 1, Chapter 11). Despite the high
diffusibility and small size, of the water molecule, its tracer
permeability, although large, is not “infinitely” large and can
be “seen’ in certain experiments. Thus, bolus injection of the
amount my tracer water (H, 1°0) into the brain arterial inflow
at sufficiently high blood flow exhibits a residue curve (external
gamma detection of 1%0) with an initial “spike.” This result
suggests a transmitted fraction (1 — £) and an extracted frac-
tion £ of the injected bolus m with a permeability interpreta-
tion by Eq. [11.32].

Another suggestion of the finite permeability of water
comes from multiple indicator experiments on kidney in which
the series of monohydric alcohols, from *C-methanol to 14C-
hexanol were injected (bolus injection in renal artery, outflow
detection in renal vein). Each bolus contained a *C-alcohol,
tritiated water (THO) and a vascular indicator (T-1824 albu-
min). The successively higher alcohols appeared increasingly
sooner than THO, which in turn appeared somewhat sooner
than the vascular indicator T-1824. These results were inter-
preted as indicating “‘diffusion bypass’ or direct “arteriole-to-
venule™ diffusion of the THO and alcohol indicators through
kidney cortical tissue. It was interpreted that the aleohols had
a higher diffusion coefficient than THO because their lipid solu-
bility increases their permeability through the lipoid barriers
of the tissue cell membranes. Conversely, THO experiences a
greater resistance to passage through the cell membranes; that
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is, the permeability of THO across the cell membrane is much
less than that of, say, '*C-hexanol (see Ex. 2). Similar evidence
for the finite tracer permeability of water is seen from comparing
the upslopes of the THO and '?*I-antipyrine indicator curves
measured in dog lung. The upslope of the THO curve lies
slightly above the upslope of the iodoantipyrine. A smaller
blood-tissue barrier (capillary wall and/or cell wall) permeabil-
ity of THO than of the lipid soluble iodoantipyrine is suggested.
Quantitative evaluation is possible by a generalization of the
upslope formulas, Egs. [11.17] and [11.32].

EXERCISES

11.1

The parallel pathway model of the capillary wall blood-tissue
barrier consists of the endothelial cells (cell pathway) in parallel
with the interendothelial clefts (pore pathway). Tracer water
crosses the barrier in response to a blood-tissue difference of
tracer concentration. Estimate the division of tracer water flux
between the pore pathway and the cell pathway. Assume the

data:

57 exchange area of pores

S¢  exchange area of cells S IR, Lol

D, = free diffusion coefficient of tracer water in “filtrate™ aque-
ous solution = 2.4 X 105 cm?/sec.

P, = permeability coefficient of
membrane = 4 X 1072 cm/sec.

Solution to Ex. 11.1: The ratio r of tracer fluxes by the two

pathways equals the ratio of the PS products in the two path-

ways. Thus

tracer water for a cell

Prse Pr

B R UV (1
PR i
D 2.4 X )08

2 cm/sec

PP — = —— —ee
Axd (2004 1 X 5000) X 10~#
Assuming two endothelial cell membranes in series gives

Pm 4 X107
Pr= = =

2 X 1073 em/sec.

2 2
Hence
5 D R
i S A it s O3 e O PR NRY fhix
“h S i Cell pathway flux

Estimate the permeability coefficient of tritiated water (THO)
for the kidney cortical cell membrane from the experimental
deduction

ﬁ({.'u:'(c.\: THO, 1?;)
D (Water, THO, 37°C)

).2

Assume a kidney cortical intracellular membrane to membrane
distance of 10 X 1071 cm,
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D (water, THO, 37°C) =3 X 10 % cm?*/sec = Dw
D (cytoplasm, THO, 37°C) = 1.5 X 107% cm?/sec = Deyto
Neglect extracellular pathways for diffusional flux
Pm Solution to Ex. [l.2: Assuming a series model of two membranes
T each of permeability Pm and an intervening cytoplasm of thickness
Ocyto L = 10u and adding the series resistances gives the overall resistance
L+ 10p cell in terms of the cortical diffusion coeflicient, as
J - 2 1
Pm Decort. L Pm Deyto
or
it ( Dw Dw ) AL
Pm 2 \Dcort.  Deyto.) Dw
e 1 I | 100
e O = 8
2 3 X 1078 2
2 3
Pm=—=120X 107 cm/sec
100
This result 1s reasonable in comparison with the value
of Pm (THO) in red cell at 23°C where P = 3 < 1077 cm/
sec
11.7 Note on Diffusion

Kinetic theory of gases

I'he Brownian motion or stochastic model of diffusion

pictures a molecule as moving with a constant speed propor-
tional to its temperature, but changing course at random because
of collisions with other molecules. If the molecule is tagged
in some way so as to be observable, and the x-component of

its distance from a fixed point is measured, the frequency func-
tion of the distribution x is found to be Gaussian in shape
with a mean value of x equal to 0 and a variance or mean
square value x? given by

=2 Dt [11.34]

The proportionality constant D (cm?2/sec) is denoted the free
diffusion coeflicient of the observed molecule in the medium

AN
N in which it is diffusing.

The relationship Eq. [11.34] or “root mean square,” diffu-
sion distance (x*)'/2 = x.. to diffusion time ¢ is illustrated
for a small molecule in aqueous solution for which, typically,
D =1 X 1075 ecm?/sec. Equation [11.34] gives

F’ "’-r"IS2
[=—=— 11.35
2D 2P [ ]
For
0l %m X Xems = 107%cm = 1, t=0.5 X 1073 sec
Xrms = 1073cm = 10p, 1= 0.05 sec
E(x—0)2A N
x? L_N)_— Xerms = 107%cm = 100p, =35 sec

Xrms = 107'em =1 mm, (=5 X 102 sec = 8.3 min




Continuous model of diffusion

Fick second diffusion equation

Fick first diffusion equation

Taylor expansion, higher elements
negligible
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Xrms — 1 cm (=5X 104 sec= 14 hr
Xems = 10 em 1= 5% 106 sec = 58 days
Xrms = 100 cm =5 X 10°% sec 16 years

These diffusion times indicate why increasingly rapid convection
occurs within (streaming motions), between (interstitial flow),
and past (microcirculation) cells and through the body as a
whole (large vessel flow) as the distance scale rises with growth.
This table shows that molecular diffusion from regions with
poor or absent circulation can constitute very “bad sites” giving
long tails on indicator curves.

The value D=1 X 10°% em?/sec used to illustrate [Eq.
11.35] is typical for a small molecule of molecular weight
100d in water at body temperature. Diffusion coefficients in
liquids vary inversely with the square root of the molecular
weight for small molecules and with the cube root for big mole-
cules. Thus the diffusion coeflicient of albumin (mw 70,000)
in aqueous solution 15 — 1077 cm?/sec. Diffusion coefficients
in living tissues are lower than in free solution. Although it is
thought by some that the diffusion coefficient of a small molecule
in cell cytoplasm is many orders of magnitude lower than in
free solution, the present authors share the view of Krogh,
Kety, and many others that current evidence points to a diffu-
sion coefficient of small molecules through living tissue (includ-
ing cell cytoplasm) of the order 0.2 to 0.5 of their values in
free solution at the same temperature.

Equation [11.34] was actually derived many years before
its Brownian motion iterpretation was given. It was obtained
as a solution of the Fick model of diffusion processes in the
form of the parual differential equation, in this case for one-
dimensional diffusion

U Ja—‘ [11.36)
ot dx?
where ¢fx.t) mole/cm? is the concentration of the diffusing so-
lute at distance x and time r Equation [11.36) is derived by
solute mass balance in a slab of thickness dx:
The diffusive flux
de
Jlx.t)=— DS— [11.37]
ox
entering the slab across an exchange area S at distance y and
time /, minus the diffusive flux

_ : de 0 (a{')
i deri=— PSSl =—1d—l—ddy+t. ... .38
Is(x dx.1) [D_\- 3 \ax) & ] [11.38)
| 0c . 3¢
—He f.)b[a.‘ } 3 rf.l] [11.39]

leaving the slab at distance x + dx and time ¢ must equal the
time rate of increase of solute mass in the slab Sdx de/dr.
Dividing by Sdx gives Eq. [11.36]. The partial differential equa-
tion formulation 1s completed by specifying nitial conditions
“and boundary conditions on ¢fx.t). The Fick partial differential
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equation for diffusion was actually formulated in analogy with
the Fournier equation for heat conduction
Fournier, 1822
00 20
—=x— [11.40)
ot ox?
in which @ is temperature (°C) and x (cm?/sec) is the thermo-
metric diffusitity, Furthermore

A.
x=— [11.41]
P
where 4 is the thermal conductivity, p the density and cp the
specific heat at constant pressure of the medium that is conduct-

ing the heat. For watery tissue, or aqueous solution, & = 1073
cal/em sec °C,p = | g/cm? and ¢, = | cal/g °C, giving x= 1073
b Sole cm?2/sec. Equations [11.34] or [11.35] can be used to estimate
; heat conduction distances or times, respectively. Thus the diffu-
sion times given after Eq. [11.35] should be decreased by a
factor of 100 for heat, x = D = 1072 cm?/sec and increased

by a factor of 100 for a macromolecule for which D = 1077
{ cm?/sec.

s It is often assumed that the molecular mechanism of
| permeability is diffusion. For this reason the steady-state solu-
tion for one-dimensional diffusion through a slab (the barrier)
will be given. Consider a slab between two reservoirs. The indica-

IS

tor concentration is maintained at ¢ in the left reservoir and

Ot = > :
Ci. ¢ in the night reservoir. Assume a homogeneous slab and the
same solvent in both reservoirs. Then the indicator concentra-
— - ~ o . — - . ’ -
5 = ; > tion just inside the slab at x = 0 will be &' and just inside

the slab at x = L will be ¢.', where

o SN T [11.42]
m— T — A
Co (3
1s the partition coeflicient of the indicator between the slab
medium and the reservoir solution. The indicator steady-state
solution is given by Eq. [11.36] with d¢/0¢ = 0 as the linear
variation
X 11.43
cix)=a’ +t{c’' —a')—= [ ]
L
The concentration gradient dc/dx is then constant and substitut-
ing into Eq. [11.37] gives the diffusional flux j through the
slab; thus

§ = 2‘}‘( , L S I i 4
Js I Co c') [ 4 ]
ADS
- (& cr) [11.45]

Comparing Eq. [11.45] with the defining equation [12.3] for
indicator permeability gives

[11.46)
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Equation [11.45] can be put in the form of Ohm's Law by
writing it in the form

Je= PaSAc [11.47]
= Ac/Rq [11.48]

where PuS is denoted the (diffusive) conductance of the slab
and Rq the (diffusive) resistance of the slab. Series and parallel
combinations of slabs or diffusion pathways may be analyzed
in the indicator steady state in complete analogy with direct
current networks. Thus, slabs in series in the indicator diffusion
steady state are described by Eq. [11.48] where

R,( — Rd\ +Rd’2 i i [l l49]
and
Sy [11.50]
4 NDiS;

is the diffusional resistance of the " slab. Similarly, diffusion
pathways in parallel are described by Eq. [11.47] where

PiS =Dy Si-b Bl b o [11.51)

lilhl
Bl et [11.52)
DS, Sy

1s the diffusional conductance of the /** parallel pathway.






