
10 Compartmental Analysis 

The indicator curve contain more infoma tion than that 
derived by black box analysis, in which only four parametus 
are used (SHAM, see Chapter 8). This can be iltustmted, t 
give one emmple, by considering the residue curve &r bolw 
injection. Here the black box analysis telk w to m a u r e  the 
area and, in the prticullar case of a "rapid" bolus, the maximum 
height. Many curves of the general washsut (steadily decreas- 
ing) type can te dmwr! m that arta and height are the same. 

4 . bye ~ h c  ~ m t  H PA A but ~ U I I ~  In this chapter we enter and survey the black b x  bj  making 
diaemll compartments1 modeis of the system's interior. The Cfiirrrion 

of Uh-fulness of these models must, rts in any other kind of 
mdeEing, be: dots the application or compartmental analysis 
to the exprirnental data yield useful ji.e., meaningful) physio- 
logical information? 

1w cau#mtmenbQrPao~ 
Consider a reg$o@ R kdde a spm. M ~ M  hhnce of 

T h  region R muki alw be the enfire indicator for W $*A is 
m- - hRI=h~r)-hml~ 
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whm mlrl is the amount of indicatnr in region R at time I, 
I and hmb (I) and j ~ ~ ~ t ( l )  am mpzCtl9glY the M u x  ratt (sate 
I of indicator enhy at h e  9 &e W ~ U X  rate to and from 

R 2% region R & deflmd a3 a mmprtmrf &f the ouc$kx if 
I' 

1 
at ~ n y  dme ~ ~ ~ F T I B A ~  m the amunr q f i ~ b t o r  in R ,wiih: 
the mmtani o f w r H m d i &  k king the flux/'ma9s raifo 
JIM qpmrk& f~epOw/valumo m& F/Vd qfmgi"on R: 

P Deff n i t h  of a. Compartment 
If a t is mixed hen hth 
E q ~ ~ l 0 . 3 ]  fd1mr; that k BMU = h t r n d r j  [la21 
t h y  are no longc~ khe definition. where 

I 



h the systemic a r w y  state thernmeew b ia && i121.21 
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The slnglt cornpertmatt is the d y  
a&e w b  systmic sttady mte aced 

1 mt be d m t a i u d .  Aa an an& 
d & r  muaela Wood Raw at rest and 

' I t w c k  

"FwF' is w r H y  a term that WG 
wauh not eamsidti vwy d, 
b m u a e i t ~ t k m i a i n g i d e a   ha^ 
we do a d  d- 5 b better to use 
" O O r n p m r n ~ t . ~  

N w  Lhrt I@ rbe wetl-mbd and rho 
' M d - m w r a d "  (fhe o o ~ d  

) m h o m o p w s  0-a, 
-is&y bemesaw 
---at. 

is constant. wtioltil [10.2] and [10.3) am, h~w-, 
ciently simple d yet detdcd mad& d the W box so 
that they a n  a b b e  solved if Mr) is a Atnction dtime, as 
it is under cwdifiaras, 

The relatianship shown in F-q. I10.31 are cmtumw4y 
not giwn as dehition8, but are d e n 4  by ddnhg the cmp@rt- 
men1 as a region throughout which a tr%w btantmams1y 
beeom mixed uniformly on ir&otion anywkrt within Llte 
sptcm. In tbi;g %&-mixed case'' tk tqx~Sc M d t y  &ffl is 
constant thKHlghout the region at a given Ijm t and s q d  
to t k t  at aU outlets. n e  ~ u a u x  of iafMWor from such r 
wlI-mixed r&m is evidently given by 

which amnkUy  e x p m  the m v d v e  mdct comditioa. 
Our p d w e  of d&* a arnp-t & d y  by Eps. 

[la.2] and (la31 mthr cbm by the i m ~ ~ w  .and uImiCm 
mixing pfdpeaty is motivated p b d y  by rhc b l  cIwmnw 
cme to be dksussd in kc. 18.4. Nute that with the dehiuian 
we employ, a -4 d not i~volvc a mMng ot a 
stirring mdmism. l"hus, acoMdhg to our d&itiMl aU the 
d ~ a f t h e ~ a r ~ ~ m ~ l r e ~ l ~ c a ~ ~  
more r a y  4~ am+W i s  mqar&ms (in contats 
ta €e dimmi] evtn laoagb quite obviowly no ~ $ , & ~ & x  
to distrihutt iadiator mists inside the compartment. 

The ~~ themnyenhml tkhilim ofa  
c o m m t  and tht &yea in this d m  is i- by 
the ogerrttipd w ~ n :  CMveotimafry we r q u k  Ejaslt &e 
s ~ d v @ i s t h c : - ~ g t ~ { ~ ~ 3 a t a a y t i m e  
~ ~ ~ x , p $ O i s ~ ~ ~ - t h s p a o t . ~ ~ ~  
d m  mt rq&c a qwMiy men apcifBe d r i t . .  AU fhat €B 

mid is ti the b/ Bqxm'Iim q f i r s b b r  & may ~ICEJW 
element of&* q g b  pM& the same Wia ( m v t W  
a 4~imuIfmmw o q $ m  &7hg of all pw& qf i warld k w  
jlisldd In term d the discdon in 8 a wmparbemt 
has no "good sim" or "bad SitcsW'; site is a$ =*gmI" as 
any other. 

We might denote a system &&id blr tht d - m i x d  
propay a d - m h d  cpmwmmt  a d  a defuaad by 
rhe k d  dqdtim Q d  cl-ce experimtn4 p- rl- 
ludad b abave a ncnrnhd W r t m W  Howmx, dstjroi- 
tian by Eqs. [10.2] Imd [1Q31 ma& m ~dwrrmphn as tu 
whether mix& d a  or d w  not mr, it a&- bQdh 
t y p s  d sy~~tcms. 

In w)nclnsiaa, we can therefore wmw &e qmtiam, 



"Whea is a system a mrnpartment?'* with, "If the s y m  is 
wull-mhd or if just the washout is monuagwaeatid (this is 
the meaning of Eq. [ Y  Q,2], see M o w )  with JIM or FjVd the 
expential  d e i t a f ,  this latter mse enmmpdng the for- 

'~GT." 

Mate I n  Chapter 9 9 d k d  tbt impk  MAkg of a 
"gamtion" d d 4 s  by *N-gl+ This a k m  M d h g  
constiturn rr lading nor of the red d t s  in rbt c&&rhg red 
d t s i a t h c b l c d  butdeeerlain sub&acth i e d t s I l &  
age). Thus in this situation, &spite the fact that t h  red mills 
are constantly mixed in the blood po tbat the tipee& activity 
is the same throughout. the cirwlaling red 4l mws k mi 
constitute a m m w t .  This is trut becam the W-traaet 
condition is mot fdtlkl: Ctse (average) I W  dl Wii apt 
haw the same c h u m  ofdestruclion as the {avdmge) nodawed 
4 The example show t b t  the dictum thet "a w d h i m l  
system is e -" 8bmld be quatiffed wiLh "fw ths 
W - m o t h e r  substme pair." However, Brs this b &enom& 
tht - this q ~ t h  i$ not nwewy*  

10.3 The Washout Cuprefrom a Compartment b 
Monoexgonanthl 

We could haw in* indicator 
f~pklIy or WIK but at time 0 (when Consider a situation when an mount nro of indicator 
we  an d- the system) tk resides inside a compartment and no additional indicator enters. 
amwnt ma i s  *in+ and no fwtha In this case also no recircuhrhm of indicator occurs. This situa- 
~ d c c r r r s ; ~ t m r a p u m ~ t  
SitUathaI. tian is called the washout or clarmce situation (herc the word 

"clearance" simply denotes ''washing out"). 
The mass Manee qw&ion Car any subsequent lime z is 

given by Eqs. [10.1] md E10.21 as the term for M h x  is 0. 
For convenience we w i H  here use the mnvecthe terminotogy 
and will drop the subscript R. Hence according to our defini- 
tions 

dm fd - & -& T&eduhn of thh di&b#W q d o n  is &a monoexpo- 
~ ~ ~ * ~ ~ ~ d f b ~ ~ * ~  ~ o n ~ w e c u u ~ p a q p E q , [ l b ~ ] a n c l ~  [m.* the various s t e p  & , ~ - -  u an urrrirr m to o b ~  (with dm@& wdtea  as m): 
tn.& ik rumima 



I 
' I  pf =-ky Equation [10.5] is formally identical to Eq. [10.5]: they have 1 

t precisely the same meaning. To state that the derivative of a 
curve is at all tima proportional to the cwt's ordinate is 

I Y ' w - ~  the same as saying that the curve is monwxpnntial. 
The curve described by Eq. [10,6J bas tbe well known 

. . - .  . ,, - characteristic of a consfant ItdJtime tl,8. The relatiomhip be- " *-!;';, =sz-: - 
I 

- + - -  , . tween the exponential rate constant k and 11,n i s  -. ! . r r  -I.. 5, 1 - 
- 7 . L  -. -- . - .. - *--- v 

1. 

. Ad3 a n d  derive E~$. [ Io .~  : - 1- , -&$&3 
- . '  

~ n a o f ~ ~ ~ l m d i m g ~ ~ .  4: .:-:. 1 " '  " he, :, tux. 
. 110.73 < . .  

[ ! 0 . 6 ] ~ m N = I f i r n ~ m t l ~ = -  7- . h: : . 
.-, kd * - - ~ I Z  . . .. ,r**r . 

+ -:I; - . a x .  .-,;.: I-:?. : .-; . ~~rsefia~*itid&lba&ooo~ntKf- 
' 

- L tt s x d @  piot a i a  tqwapmentid a w e  b to "count Wf- 
livd' A ~ ~ a w i m r  ardkMe iB- chasexi can trt divided 
$u&df b two semal times a d  dl yield h t q e r  values. 

~ . ~ ~ m i r ~ e , ~ ~ ~ d r r a f c 8 f o r ~ o t 8 0 4 e t c . ) ,  
- wt~hkBW-4k*hM-badodgeoftkepaper. 

Evp& 8 m@dy by 2, for 3 ti-, to mub tire 
qdbte i (ar or IOO, *.), at w b ' i  the dacim, nmr 

" ,$be &gb-bnd ege of the paper, t ~4 oft as ti. The Mi- 
@ ~ r r n M a E ~ W m m e $ k  

- 4 -4 r 
f1tz -- 

I 

3 
- 

I Em* Half-Iiie r44 is debd  as the time i t  taka for the value 
1 M a  monoexponcn tial decay cum m(t) = rnoe-&co d m  to % rnlt). 

Prow tbat A4 iS independent of the starting value and hence validate 
the present %raptricaI ptoebdure. 

It is i m m n t  to get "familiarity" with kit follows from 
Eq. 110.51 that -r 

4 

at time t 

In other words k is the fmcllonal escape rare. A k value of 
0.02 min" means, for example, that 2% of the indicator -tent 
in the compartment disappears ptr minute. 

The exponential function has the property h a t  the cud -  
linear shape can t>E "straightened out" either by platting lag 
mlt) against r (semilugwithmic plot), by pl~tting m(III against 
m(r) (phase plane methcd), or by plotting &(t)/m{t) ifsinst 
f (fractional egcape rate plot), 

The mf ag method is convenient w h  semilo&a~ithmic 
graph p a p  is  available. But the method is somewhat insensitive 
to the data in that it may tend to obsFure a minor de~iarion 
from the monoexponential curve form. By using decimal hga- 
rithrns, the equation of the straight line is 



That is, the l o g l ~ w e  has the 0 time intercept loglclmp and 
the slope -D = -Ioglo(e)k = --0.4343 k. Hence 

I 
(the constant 2.303 is actually - = IrdlO)] 

log1ae 
I t  should be noted that the infinity value for the midue m(w) 
must be 0 or that it must l~ known and subtracted before 
rn(t,J is plotted an semilogarithmic paper. By this we mean 
that if the curve form actuaLty is 

then the semilogarithmic plat will not give a straight line. This 
is, however, obtained with the phase plane method of plotting 
m(t1 = y spins1 mlf)/d~ = x because differentiation d Eq. 
(IO.10] yields 

d m ( ~ ) / d ~  = -k<mr - m(m))e- " 110. l f ] 

that inserted on the right hand side of Eq. [10.10] gives 

4 la thc+td letter Fw F in the Gmk stptWM 
(Phi) 

The phase plane rnelhad requires rnore work to calculale the 
slopes numerically or to measure them try drawing tangents 
to m(i)on a Linear plot at various times. But i t  has the advantage 
of being rnore sensitive to the data, especially at long time, 
and of yielding a l i n m  plot even when m(m) ig not 0. 

A founh method of plotting mmlr) = moe- is to plot 
the fractional escape ratc W t )  -- -rh/m against r. This mults 
in a horizontal line 

Thus far we have eonsidered the r4due  a m e  mfrl. But 
we aw also obtain an e x p r h n  for the outlet commtm- 
h n  C Q U C ~ ~ }  of a sin& wmpartmenl simply by noting that 
Jut(tl = -dmlO/dt = Fbt l i ) .  This, rur -dm(t1Irdt = P,fFdm(t), 
our bmic equation, gives 



N a c  t b r  r h p.rrlkl lo m: m that is wrly thc 
m e  when m is mmoenpm~i r l .  

A monoexpnmtial washout curve is 
nar gcr se widme OF a cornpartmat. 

I Quation [10.141 shob that the outlet concentration is fie I 

same regardless of where we deposit the indiator inside a sys- 
tem with no physi-1 mixing. 

WE emphasize that a monoexponential c u m  for tcsidue 
mW or for outlet concentration c(t) in the washout situation 
is not sufficient to allow one to inkr that the system is a corn- 
pftment. To make this inference it is nccmaq to l a w  in 
addition that the 0 time intercept (the amplitude) a n  be inter- 
preted as a mtaaingful m J Vd and W the rate constant K 
is the F/Vd mtio of the system (this comment refers to the 
points r a i d  in Sec. 10.7. 

As an illustration showing that the prtsence ofa rnonw- 
poncntiat washout curve is not suficient la allow one to infer 
that a system is a compartment let it be recalled that biologid 
systems generally show a mmoexponentid washout function 
after sufRcint long time has &p& (the "final" slop). This 
holds for very complex systems that are very far from king 
approximated by a s w e  oampattment. And k, the expnen tid 
cocfficiemt of the Raal slop, b r s  no simple relatiomhip ta 
the F/Vd of the envire a y s h  or of its slowest compartment. 

10.4 The Local Clearance Method, An Example 05 n 
System That k a Compartment and Vet Not Wdl- 
mixed 

We have already stressed that it doe not matter how 
the indicator is distributed inside a compartment- Here the 
important sue that rcsults when mixing d m  not occur shaU 

Slht = physiological d i n e  = 0.9% be further analyzed. Assume that a bolus of about 0.1 ml of 
Mas. stwile d i n e  containing a freely diffusible indicator such as 

"'Xe (a gamma emitter) is injected at time O into a homoge- 
neow tissue such as subcutaneous adi- tissue. A homoge- 
neous tissue has, by ddnition, the same blocd flow per unit 

O. A a d. ( 1 ~ :  A ~ M  PJH volume in all its portions. A portion denotes a volume element 
mnd 46337. of the order of about i mm3, which is so large that in a washout 

situation diffusion would not (except r r  extremely slow flow) 
constitute an adequate mixing bctor between portions. Likewise 
all other relevant physiologiaal parameten are constant 
throughout the tissue, in prticular the volume of distniution 
per gram of tissue h = Yd/W is the am in aH portions. A 
ydetector monitors the total amount of '33Xe ia the entire 
volume of tissue (a monitor4 tissue m a s  of styera[ grams 
surrounding the injection site suffices). Assume that one has 
experimentally found that the rate of disappearance of raidue 
is proportional to the residue; in other words, it has bm found 
experimentally that the washout cuwe is monoexponentid 

It is experimentally shown, in addition, that 



tBc 
SYs- 

idue 
th 
mm- 
w ia 
I&- 

kt # 
I the 

m- 
i n k  
H 
c* 
TI& 
w 
m w  
4 to 
-mmL 

.# a * 
r how 
re the 
rshall 
ml of 

lch as 
unoge- 

Y unit 
lment 
ashout 
u flow) 
lhewisc 
Instant 
ibution 
~ms. A 
: entire 

grams 
m e  hiis 
widuc 
a found 
ntial 

Here f is the blood h w  per gram of tissue (it could be mwured 
directly by collecting venous cfRuent b M  and by weighing 
the tissue), and h ie the tissudblsod steady-sate concentration 
ra%o (it was caicuiated according to the rule8 given in Chapter 
5 after measuring the fat content of t he  hue) .  In this way. 
as both Jand h could be. determined, fi% Iflso could be calcu- 
lated. It was found to check with k 

Thus, having verified the local clearance method using 
133Xe in adipose tissue, one need not go any rurthcr. This 
simple result is. however, quite p d i n g .  How can it be that 
the diffusion of 13'Xe out of the 1-1 tissue, a prooess that 
steadily enlarp the size of the depot, d m  not Muencc the 
mcasurcment? A m&t in which ordinary Rck diffuiwn as 
well as washout by prfusion of Hood lwaI& q u i l i h t s d  with 
the tissue can explain this rsult. Consider for simplicity only 
the omdimensional am: The amount mp of 133Xc is deposited 
at time 0 in an %ite plane (x = 0 in the sketch). Mass 
balance in a tissue slab of thickness Ax at the distance x from 

> the pIane of deposition give 
X 

T i m  rate Conwclion Net diff&on to 
of concentration away from and from the 
change local depor naghbr slab 110. 171 

The detector monitors rhe total amount of indicator in the 
h u t ;  that is 

hiegrating Eq. [la171 @ 4 y  from --aa to +a6 a d  inserting 
Eq. [10.18] yields 

The bracketed ttrm is tht difference kt- Uae indicator gra- 
dient at x = $.m and st x = +. Since tht f~dicatar never 
Wtws to inAnitdy dissant regions in appmiable quantity tk 
anmuation &m%mt is 0 in these regions W ~ n o e  the taack- 
~ted term is O md Eq. bf& 191 k m m  

The solution d Eq. [i0.2q is the ohwved mon0wcpmntiaL 
This means that the decreased Iml wwhout fwm the iaitially 
deposited ~ ~ O I I  due to intmtisue d8usion is exactly counter- 
U n d  by the hreud local washout fro& more atmi 
regions. 



The above argudent [&s. 10.17 l0.2q AOWS om 
to "explain" the expcrimental observation of a rnon-ential 
behykw despite local d h i o n  pr- that spread out the 
depot. Neverthela, the &nificance of this pegult is the con- 
verse; that is, the cqmhmtal finding of a rn~ngexponuitid 
washout suggests (but d m  not prove uniquely) that no more 
than d i m r y  4 4 d b n e f e r  sck" diffusion [Eg. 10- 171 g~ an 
in addition to local clearance by blood flow. 

10.5 Ketp's Local Cerebral Blood Flow Method Based 
on a OlffuslMe Tracer and Brain Tlssue Sampling 

In chis m c t h d  the cerebral concentratinn is often ma- 
sured by a radioautographic technique and hence the method 
is also called the radioautographic method. It is based on the 
intravenous infusion over I min of a f r d y  diffusible indicator 
such as CF3 131X (a gas) or []3tI]iodoantipyrine. The arterial 
inflow concentration to the brain is followd by multiple blood 
samples collected from the femoral artery. Thus c,, {tJ is known. 
Aher 1 min the animal is decapitated and the brain tissue 
concentration measured in many small tissue areas. 

The awmprion is made that the local brain tissue area 
(about 1 mm3) constitutes a compartment so that the unit im- 
pulse response function in tcrms of the 1-1 residue i s  

with f being the b l d  flow per gram of tissue and h being 
the tissue/blwd partition &cient (i,e., volume of distribution 
per gram of tissue). 

The i d u x  of bdicator to the tissue area in question is 
p r  gram of tissue fc,('r). Thus the residue per gram of tissue 
is 

The b3wd flow is cerlcuhted by mmpuPing a family of midue 
cum= for possible whmt off  (A i s  known) and hen interpolst- 
ing at t = I min to the m a d  tissue wfimtration value. 

The method d-ds critically on p& knowledge of 
h and on the validity of a s m i n g  that the unit impu1e 
function is m o w p n e n t i a l .  

If instead of a freely dihible indicatm one usts micm 
&em then tltt unit impulse response fumetian is H* (JI I; 
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that i s  complete retention. Then tbe 1-min residue is calculated 
from 

Remunkr that the a m  is found by 
sampling b m l  blood atso Ex. 
3 in Chapter 8)- 

This apprmch, d e m h c l  in Chapter 4 (t ha bolus fraction- 
ation m e t k l  of Sapirstein), is in principle bel ler than Kety's+ 
However, in using miernspheres the problem of equivalent label. 
ing coma in: the microspheres do not quite follow the blood, 
but tQ s ~ m e  degree seem togo prefercntiaify to the lxst perfused 
areas (they m y  in the sh.eaming blood). 

lQ.6 Farnard Shunt 

Consider that the region & a single cornpartmat, is by- - by $ forward shunt S taking the f d o n  & / F d  total 
A- flow through a pathway of negligible volume of Mbution. 
? Let a bolus af ideally brief dursrtion (an impulse) be injtcted 

At the fiow branching p i n t  the indicator balm fractionate 
in proportion to Row so that 

Tbe shunt outflux is the same as the sbunt influx h(lj. The 
compartment outlux is monoexponential: 

/I 
10.7 Feedback Shunting 

Now oonsider that a shunting back from outlet to inlet 
o c c u ~  so that a wrtain fraction of the outflow from the system 

\ Equation [10.26] thus shows a "spike" contribution (the shunt) 
Wowed by a monoqmnential curve (the wmpattmenr). The 
shunt dispersion of transit times must be small, as othuwie 
the spike is smeared out and cannot be seen. 

The outlet concentration curve of the combined system is thus 

&ut&=hudF 110.261 



- 
is carried back qcr-. The BrrangBmmt may be mwibed 
ttr; W a n t  &&$ki~n.'' 

&in= & M&!& Functions as an in- mkbg&vice 
added to the s y ~ t i i ,  which al&y *yes in a d ~ m i x M  
manner, it follow that the ijndiabr waghut cume fobwing 
bolus in&tiran has tfuP same P m  as if n~ fed@k &untimg 
had hen prfsent, Hen- 

In wntrast with b m ~ d  hunting w e  Eq. [£O.27] 3h-m 
no spi,k. The mpBtflde: af the m p o d d  fun~ti~tl  &ff) = 
m*/t"d repr&mb the full 8mplitVde c ~ m p p ~  ta in- 
jeckd dme, 

However, the mpon.mtbI d ~ i e n t  k= FiWC wtth~tt 
of tht c a m m t  pc~px* & = Fit/Kj&), WW, j~ :as 
in the fdforward c&e k3ti fc& & Qe fai%&r Frd? This i h t v s  
chit e m  the a b & n  @f a 'mo-xpwwrW w?we 4th 
ae spike cnm#~;aLims t i m ~  ~ ~ i d e r t c e  Ear Wu&&&the 
p m  of a cp4pw.qqr  wkme J t l  flowtvahnw mtib t a n  
k mwured by 

mu1b bre p'uCIin&4 w g n  &at one myst mn&ow k 
e, wkm imWg the &hg@rit@mt&l &semaW, that 
6&lm frdni the iw is being &mqdd f m x ~  
that is, m coEIaU tIW':i&d4i~wkd. 

10.8 Two Compartment rnskrns 

Closed system 
Sup- we have two wdl-~timed c a m m e n &  A and 

B k t  mntinuoudy m d n p  -a given substanm at the rate J 
mg/sec. We muId here think of the red b l d  d s  ia p W a  
exchanging sodium by d@+on and by active dtular for- 
(the '3dlnm pump''). A hh of an amount % of a tracer 
far the subsun= is injected into compartment A, W b t  is 
the time course uf h e  s p S c  actiuities sJt) 'tld a {d in the 
two compartments? 

Let MA and & be the mmna of mother ~ u b t a m  En 
the compartments and m~(t1 and bhe companding 
amounts of the tracer. Mass Wmce then give 



Dividigg by MA in the u p  equalion a d  by & in 
the lower one and wbtracthg the two rssu1kg quatlans $ve, 
with SA (rl - JB lr) = A, 

& Jdt - 1 J/Mh + J/M& [law 
that s111ved for A yields 

A = A(O*-~ 110.3 11 
with k- [J/M. -t JfMJ [ lb. 321 

Thus A, tbe d g e m e i n  sp&c  activity between the two wm- 
pnrtmants diminish&+ rnonoexponenhllp 

am-sa(rl= k ( o ) - s ~ ( W e - ~  110.33 J 

Equations 110.331 d [10.36] give aW asad ssCt) as 

where 

Two b-wpmdme in pwdlat 
hn mount rirg dfWWWris b h s  in-@ the 

5 inftbtR F w b i c h f r a ~ ~ S b W a s M c w  &tu- 
G a n d m b  F ~ = F - & W @ & & @ i d W W t i ~ M t  
w - j p y  matter. a d  whb-oftbbrsrin appmkha& 

y this mangemeat). By the bctb hctionation prh&ph the 
m m-t rn#j/Fwm5 at@#wmmt a @dq the widm re- + T, sw= 

*# m w-rn+.lat rm.4 11 



* 
* which d & w &  = FQ/WC. Similady the mount m&/Fentcrs 

compartEnenl W giving the residue reporn 

- .  , , I .  .. 
- . . a W h m  

4 .  . . .  ..i 
- - a k = F " = = -  
Yd, AmWw >i, 

[10.4~ 

which 'de%aes h = &/WW The &sewed midue m{t) is the 
sum 

m(rl= hlrl [ I  0.451 

The expnentiat amplitudts in Ms. [10.41] and [10.43] are 
u x p d  respectively as 

- .  in which are d&nd WG = W&V and w, = W,/W. The 
sum of these equations is 

which g i v a  

Substitutin~ Eqs. [10-46), [10.47], md [10..49] into [10.41] and 
[10.43] and theme inta Eq. (10.451 gives 

As each compartment has a m o n o e x ~ t i a l  d d u c  the 
observed total raid- is a sum of two exponwiab. 

Two contpartrnents In s&s, omway flow 
This is of i n m t  primarily in m&on with chemi- 

cal prwems and in deac&ing msthmdauphter relationships 
in radioadiw transforraatiom. Tracer-mother substance mi- 
nology is d. In the systemic s t d y  state the influx of mother 
subsbnce into wmpftmwrt A equals that into 3 and out of 
4 it is the throujghflux 2 A rapid (iiputse) injection of the 
mount mo is made into compartment A at t = 0. 

Mass balance of tmwr gives for the two mnpartmenf3 
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Y ~ i e  soh& of Eq. f10.521 Cb; lbe spediic activity plr 
- 

. - . m 

r' . . d w  wx{t) = $~{ t ] /nr~  k obtained as in the w e  oompartmmhl 
- .,, : casealready diwmed fw &. 10.61; thus 

~ c c v m  product ruk SuMtitution of Eq. [ l O S j  into [10.53] and wtving for Btd 
g i v e  

J 01 %W-L= 
' 

- - A  [lass1 
ma (Ma-- AB) 

Thii &tion can be obtained by m g  the ~lwolution i n k g d  
(ChapM 9). 

Tlii system exhihits the precursw-product. mlq namely, 
the mximum of the %{I) cuwe m u m  at the pikt sf in- 
tiw of w ~ ( r l  and ws(t), This result is widat from Ep LlQ531, 
which gives dsp{t)/df= 0 for &(I) = d r ) .  This rule is necessary 
but not sufhicni to identify the prcscdx model. 

U a third c0mpwtmmt with one-way flow is addad to 
the p W n g  Edm then the premmr-p&t rule for aomprt- 
menu I3 and C stam &at the rnwiawrn for the C curve is 
nmched at the intersdon of weft) and w ~ f f ) .  The i n t m d o a  
d w ~ f f )  with IVA W ,  on the at& band, wuid o ~ a ~ l r  at B h e  
wken wc(,l w a  still ri&g. statemeats are proven h m  
the mas b h a  J3p. [ TL52) and [ i l l53]  and the similar qua- 
tion for m m m m t  C. T b  the d x ~ ~ a u d n  of a *'- 
M v i t y  in Wue" curve hat ~onrinues & rise to its m&mum 
point past Lhe @nt at which @e -me intersects that of tHt 
plasma stwmgly suggtsts tha4 tit!! tissue measured d v *  
tram (md hen- substam) nut diMily fmn 
the plasm but f m  a. t i m e  #at in its turn may communicate 
wiul &e blwld. 

An experimental indicam cune can usuaily be repre- 
smbxl within experimental error hy the sum of a small n u m k  
of cxponentials. Thus 

AH of the k's  are positive, corresponding 10 the fact that the 
curve apprmches a,, as t -. m. If all the a's are positive then 
fit) "$ways" from beginning to end. If some of the a's are 
riegative then y(t) may have an upslope portion. There are 



mtgt be minimum. 

several reasons for the frcqumt use of Eq. (10.561 to fit experi- 
mental dab. First, Eq. [10.56] makes it m y  to @om various 
dculations with the data. Second, if a cornprtmental model 
is applicable then the a's and k's yidd all the physiological 
information contained in the indicator curve, 

How irr this curvefitting accomptishad? The oldest, sim- 
plest, and still much used methd is c u m  peeling Tfie tail- 
end portion of the semilog plotted ylf) curve is extrapohtad 
back to I = 0 to give al. The hilf-time (ll,d of lhi streright 
line givts kl = 0.693/(ri 1s) (if the tadend portion is curvilinear 
w, as to suggat the p m n w  of # 0 the phase-plme mathad 
can bt usad to find &. and kl simultaneously; see k. 10.3). 
The calculated value of a,e-*~# are subtracted from y{d and 
W o g  plotted. The ta i l ed  portion of rhis plot is ex&rawhW 
back to t = 0 and the p d i n g  rnGapumnentp rqxakd to 
yield q md k2. This p m  is repeated until there are ru, Nwlin, 

Humm 
more points 14. The semilog straight line at a h  stage is 3. B. Ec 
drawn by eye to best rtprexmt the experimmd value that 
seein to Mong to the tail-end portion of that sage. 

The modem digid computer has rnade it to 
oonvenicntly fit sum of exponentids to cxphenaal data by Ber er 
wcighted last  squares procedures. Manual cum Ming is ~br6:  

oRtn used as rtn initial approximation in such prooedures. It 
has been found t b t  k t  qua= curve fits p d u d  by ma- 
chine do not p d u m  appreciably btser physblq+l idorma- 
tion than manual N i n g  cume a#. The i m d i b e  m d d s  are 
useful, however, as Iabraving &vices if a large number of 
indicator c u m  we ta bs p m .  The machine mcthads 
can a h  c u m  a @ornewhat p t t r  objeztivity in the curve- 
fitting p&e. 

S u p p e  the s tamdad  deviation of Eq. [IO.S6j from the 5 l& 
outside) experimental dam iis satisPamrily s m d ,  say 2% Dms this 

mum that tbe at and kt of q. C10.561 61 determined witis 
qua1 precision? UaE(srEua~aely the answer is no, wpeciaUy if 
s u d v e  kg arc nor "wd-sepa;mtdf; that is, if kt+& 5 2 
or 3. It kmhes quickly wident to myom usins curve peeling Note th 
that very slight &ages in "'gmdnes$ af fit" fdtwnativt possi- 
Mities for drawing d I o g  straight lints throu& data points) ZMO far 
that are well within +x+ental error produce vcry apprecia- 
ble changes in the at a d  kr. If a txmparmental mdel is 
applicabic it is -tidy the standard dtviatisns of the 81 

and kr that yidd ttte acaracy of tht physiological information 
that cun be deduced from the indicator curve. If it is felt that 
only black box physiological information is obtainabk from 
the indimtor curve thtm it is the standard Mations of the 
SHAM pmue?txs (see Chapter 8) which telk us tbc accuracy 
of the bblack-bx i n f o ~ t i m  contained in the indicator curve. 

Unfortunabeiy, decay type indiator cuwm "exhMt" the 
inteaestimg physioloaal information (flows, volumnr, exchange 
rates) in a smeared out fom, -use of the various uninterest- 
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ing or irrelevant d h p i o n s  undefgme by the Hdiwor in pa3- 

trious ing through the s-. It is baskam for this r-n that multi- 

nodel ple indicators are u d .  If two indicaton differ in some pmpcrty 

d 
. of iderest But exptrimce similar dispersions ia p i n g  &rough 

the system, hen the "diEerenoe" Irrdiator curve wilI exhibit 

, sim- the property of interest with the dispersion canalled out. 

t tail- 
dared 

- - 
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Tbc indicamr mas balance relationship in n-compart- 
mental systems can with matrix natation be written in symmet- 
rical and cornpart fom. The rmxnpartrnental model with lp 

being an arbitrarily large number cannot be solved to yield 
explicit analytical cxpraions for the m a w s  and flu- of the 
individuuicomprtm~t. But, by using the matrix notation om 

N d i  R (1964): In Metabalism of can as hrst explicitly noted by Nwlm (1964) and by lhgn~ergner 
Ihman Gamma Gtobdin* Andem (191H) reveal the genemi properties of the system that were 
5. B. Ed., BfackwcU, p. 115. express& in Chapters 1 through 8 by integral equations, 

We want to stress this point by deriviag the black-box 
equations 'from the mdtiwmprtrmental model. Consider that 

P.-E. E. (1964): J.  Thmr. aU n compartments can exchange with all other compartments 
E ' f Y l 3 7 .  as well BS with the "outsiw' Mass balm- for the rate of 

change of tracer in all n compartments yields n simultaneous 
first-rdcr differential equations 

etc. 

s lsp15k activity) and i ( irhx from wbere the flux of mother substance tn compartment 1 from 
a&&] are K~~elidnsi of time wrnpartmmt j is JU, wbere -XI, -Ji, . . . . are the sum 

of aII outflux& fom the m t i v e  mmprtments (indudmg 
flux to the outside), and w h  il. L . . . . are the kfluxts 
of tracer fmm the 0,utside to the m@ve compartments. 

NO& t ~ I m , % d r =  -pi ~ i r s t  we derivethe stitnulus-ns~rise &earn ~ O T  $pific 
activity. Comidu a bolus experiment in which a hi te amount 

zero for dl 1 
Ih( f1d1= m~ d tracer is injected into cornpamot 1 with 

no tracer injected into the other compartments. Integration 
of Eq. [I0.57] fram r = 0 ta, t = yields, assuming t h  the 
system is open so that a(&) = 0 and h t  the system is empty 
prior to the injection tm that q(0) = 4 Iefi hand sides rhar 
a!! are 0. Resrrrnr@ng the wlh thus giveg 
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Consider next a copsant infkion experiment where tracer is dh 8 
infused at the rate i@) in to compartment 1, and no infusion & @;, 
is made into any other compartment. Afber time all the 
transien@ have died out. Then aU the &#dt vdua on the left 

. hand sides of Eq. [la571 become 0, giving after rearrangement 

. I  - &&(D)+&S,p)+%.  J,,&p3j+J;*&=l+. . . .=-h(rn) * = O  

etc. . _ .  . -. - ,  ., . 
Now &vide bah r ids  k Eq. 110.581 by 

likewise aobh i d t s  of Eq. [10.59] by I@}. &ce the [ J ]  
is thesamein b o * ~  d e q u a t b &  Eg. 110.581 is-1~ 
the samc w of s i m u I w u s  equatiatk for d ~ c  "unkraod~8" rt dr/fi,. I & d ~ r n . ~ ,  . - . : . as Ep. [10.59] h 19r i w  'bn- 

II. 

bowns" s~(q/i~(m), a(-)/h(w) . . . . Heme am-mgonding 
. . "anknowm" n$ut be 

mother suWnoe Mj far my subset R of the mtaJ number of 
compartments and adding them together wc get the @Onat 
residoe stimulus-mpmsc theorem 

1 0  mR(tM1 - - mdw) 
M W )  

[10.6 1 J 
wt 

If the subset R k the Mtal nwmbtr of eampastmtats then the 
rsult is the systemic residue theorem. 

In order to data the right side of Eqs. [IO,sii,] and [10.61] 
to systemic properties the systmic steady state is e x p d  
by the systemic subslance (i-a, mother substance) mass Wmce 
in a& mmpmnmt. ARer proper mwrangunent, the Wt 

J I I + X S + A ~  
&+&+& t10.641 
a. 

. [t0.60] and. [10.61] do not require any of the 
' {steemic input rat- Jm. J&, . . . m vanish, a-sirnple &stion- 

--&dlI--& -- &&&P&,- , ,J .a+& 

And, a! 
of the i 



ship to these raw holds only in two (a) single syskmic 
input rate and (b) equivalent lakhg  of multisystemic input 
rates. 

Consider the first case (a) where all systemic input rates 
but one vanish. For convenience take the nonva-ing input 
rate as Jio. Tben Jm &, . . . . = 0 in Eq. [18.64]. Dividing 
tbrougb by Jlo in Eq. (10,641 and comparing with Eq. [10.59] 
shows, by the same argument that leads to Eq. [10.60], that 

+ v  

And, at k g  lime, t -J car, x k Ehar ' This expresses the tracer condition of equal spec@ acti~itly 
of the input &s am = hI@)/E, - throughout the system at long timc if both tracer and mother 

sukbnce e n ~ w  solely via one comprhnmt. Comparing Eq. 
[I 0,651 wi& Eq. [f Q.601 yields the influx theorem (see Chapter 
4) for a holus injmtina 

This theorem atso shows the equal a m  of spcm acrivify prop 
ertY- 

Similarly, substituting Eq. [10.65] into (10.631 yields 

This combin4 with Eq. [10.61] yiefds the regional mass theo- 
rem 

wbich becomes the systemic mas theorem (man transit time 
theum) for R = sum of di ~ ~ e n t s .  

Consider the next case (b), equivalent 1 a M i  of m#ltkys- 
temic input systems. All compartments can m w  have input 
from the outside. In the bolus injection experiment, inject an 
amount of indicator into each mnpartment proportional to 
the systemic input from onkiat, or 

By summing dl the eqwtiom [10.69] it is seen that the constant 
A is given by 



where mo is the d l  d w  of indicator and Jis the total systemic 
input f m  the outside. 

Using Q. 110.691 then the bolus injection equation, in- 
stead d Eq. (10.581, becamw 

A A 1 

Substituting A fmm Eq. [10.70] into [lO.72] gim 

which is the influx t k r u n  fw a multi-httt q i v a h t l y  hMed 
systm. Note k t  the quivalmt labeling equation [10A9] is 
g!oW (total amount of i n h m r  proportid to systemic input 
rate), not imal (indicator input rate pmpottiasal to systemic 
input rate). 

The regional m a s  th- for equivalMt law is ob- 
tained by exprcrsaing Eq. [16).73] as 

Adding the - 1 - h d  parts of Eq- [la741 for any suWt R 
of the total n u m k  of compartments gives 

which is the regional mass theorem. Summing over the -1 
n u m k  of campartmeats yietds the systemic maw theom 
fdrap sukmipt R in Eq. (10.76)). 

The matrix or cornpaitmental method of proving the &m- 
uiw-rqmme, ~ B U X ,  and m a s  theorcms is actually q u i h t  
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to the wnvotution methd we used to prove the black-hx 
theorems by. Indeed, the convolution integral can bc regarded 
as the limiting Corn of expression af the rt-compartment system 
as n + w, 

The matrix approach for deriving the general black-box 
theorems was first used by Nwlin ( 1  964). AIthough the present 
approach is sowwhat simplified, the simplification is possible 
b u s t  one knom which theorems are to be proved. Without 
such prior knowledge it is quite difficult to apply the matrix 
approach1 


