Yolume of distribution: inject mo.
wait, take one sample.
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Volume of Distribution or Mass of
a Substance in a Closed System

5.1 The Experiment

In a closed system the volume of distribution Fd of a
given indicator can be calculated by injecting the dose my,,
waiting until the solution is completely mixed, and then measur-
ing the concentration ¢(29) in any fluid belonging to the system.

The fluid selected is the reference fluid, and the volume
of distribution Vd will correspondingly be expressed in millili-
ters of that fluid.

Vd is defined by applying the mass balance concept: The
amount of indicator in the system m, equals the volume of
distribution Fd multiplied by the indicator concentration ¢(=)
within that volume. According to this definition Fd is the sys-
tem's physical volume in the special case of the indicator mixing
completely in one homogeneous “bag’ of fluid. However, in
general Vd is, as we shall discuss in more detail in Sec. 5.2,
a virtual (“imaginary’’) volume. According to the definition

Volume of Dose over the indicator

distribution  concentration in ref-

erence fluid after com-

plete mixing [5.1]
Mo

c()

ml

The experiment may be arranged so the system will be
closed, if it 1s not so initially. Suppose that the system is the
kidney, and that we wish to measure its red cell volume. An
arbitrary dose of *'Cr labeled red cells could be injected intrave-
nously and after a few minutes a blood sample taken and the
kidney excised. The amount of 5'Cr in the total kidney is the
retained dose my, and the amount of 5'Cr per ml of red cells
in the blood sample is ¢(®2). The same Fd would have been
obtained had we measured the amount /m, of hemoglobin in
the kidney and the hemoglobin concentration ¢(20) in red cells.
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Plasma volume

Suppose we intravenously inject an amount g (mg) of
a plasma indicator (i.e., an indicator that does not enter the
red cells) such as high-molecular-weight dextran or 13!]-labeled
albumin (i.e., a plasma indicator that does not rapidly leave
the plasma volume). Blood samples are taken at an arbitrary
site. The measured blood concentration is observed to approach
some constant value ¢(¢) (mg/ml). Mass balance yields Vd =
mo/c(e) (ml).

This ¥d is evidently the plasma volume provided the
assumptions of no loss and complete mixing hold. In practice
both assumptions cannot be fulfilled simultaneously. A mole-
cule of the size of albumin leaks out from the vascular volume
at a rate of approximately 0.19 per min. Hence, waiting for
complete mixing to occur (approximately 10 min in normal
man) entails a 1.0% loss of indicator. We can correct for this
loss by assuming that the dose of indicator remaining intravas-
cularly after 10 min is 0.99 m,. But the most precise result
is obtained by measuring the rate of escape of the indicator,
taking blood samples at 10, 20, 30, 40, 50, and 60 min, and

then employing monoexponential back-extrapolation to time
0.

Red cell volume

If the same experiment is performed with 5'Cr-labeled
red cells and ¢(=°) is the amount of 'Cr per ml of red cells,
then Eq. [5.1] yields the total volume of red cells in the intravas-
cular space. The limitations discussed above (mixing and leak-
ing) also apply. In fact the labeled red cells enter the interstitial
space of the spleen so rapidly that the splenic extravascular
red cell space is included (this also applies to the measured
plasma volume that also includes other rapidly exchanging ex-
travascular spaces, particularly in the liver).

Blood volume

By adding plasma and red cell volumes we obtain the
total blood volume. Due to rapid transcapillary exchange of
the idicators in special organs (spleen, liver, etc.) this blood
volume is slightly larger than the anatomical blood volume
(the space inside the vascular walls). The difference is in the
order of a few percent. The red cell volume divided by the
total blood volume is called the whole body hematocrit. This
fractional red cell volume is approximately 109 lower than
that measured in a blood sample taken from an artery or a
vein, the so-called large vessel hematocrit. This discrepancy is
due to two factors: (a) the hematocrit of the blood in the small
vessels (arterioles, capillaries, and venules) is lower than that
of the blood in the large vessels, and (b) the overcstimation
of the volume due to rapidly exchanging extravascular spaces
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is more pronounced in plasma than in red cell volume determi-
nation. 5

We have commented here on some of the problems in-
volved in blood volume determination to show that even in
the case of the most well-defined space in the body, which
we can measure quite accurately, we are dealing with approxi-
mations.

5.2 Volume of Distribution (“Space”) in the General
Case

In most cases Vd must be considered an equivalent rather
than an actual volume. Consider, for example, the case of albu-
min in the whole body. This plasma protein is known to be
distributed so that approximately 60% of the total amount is
extravascular and 40% is intravascular. For convenience as-
sume that in a given subject equal amounts (50%) are present
in the two locations. We measure a plasma volume of 3 liters
using Eq. [5.1]. Is it therefore correct to say that albumin has
a volume of distribution Fd in the total body of 6 liters? Yes,
this is certainly correct as we here take plasma as our reference
fluid; that is, Vd for albumin is 6 liters of plasma. But this is
clearly an abstraction that to some extent is even misleading,
because the extravascular albumin is known to exist in a low
and variable concentration in interstitial fluid and lymph. Thus,
the geometrical space in which albumin exists outside the vessels
is much larger than 3 liters (perhaps approximately 6 liters).

These considerations identify the abstraction involved in
defining Vd as the ratio mo/c(0). In our example VFd is seen
to be equivalent since “had the plasma volume been 6 liters”
and “had no albumin been located extravascularly,” then this
hypothetical situation would, with respect to amount of albu-
min, be equivalent to the actual situation. We know that plasma
proteins that are larger than albumin have a relatively smaller
extravascular fraction even though physically all plasma pro-
teins are probably found in the same locations in the interstitial
space. Hence Vdis smaller for such molecules than for albumin.
This again illustrates the imaginary nature of the “space” con-
cept in the general case.

In the experiment performed for measuring Vd one waits
until mixing is complete before sampling from the reference
fluid. This 1s customarily called eguilibration—for example vol-
ume measurement of fluid or of air in a container. It should
be stressed, however, that in biological space measurements
the state of complete mixing in most cases is not a state of
equilibrium in the thermodynamic sense. For example, in the
case of albumin distribution, equilibrium between extra- and
intravascular albumin would (thermodynamically speaking)
mean that the albumin concentration was equal in these com-
municating spaces; that is, the active force, the continued forma-
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tion and convective stream of lymph which maintain the con-
centrations at different levels, would have to be eliminated.
To take another example, consider the exchange of *Na in a
sample of blood. Thermodynamic equilibrium cannot ever be
reached, as the cells will burst before the internal and external
concentrations reach their equilibrium (Donnau equilibrium)
value. Only in very special cases does the state of complete
mixing of an indicator in a closed system become identical to
equilibrium. This is true for inert gases because active cellular
forces essentially do not influence their distribution.

The tracer-mother substance case explains quite precisely
the meaning of “complete mixing” in a closed system. When
the specific activity has become equal at all sites, mixing is
in fact the state of thermodynamic equilibrium for the “basic”
system consisting solely of tracer and mother substance. Yet,
for both substances (tracer and mother substance), the distri-
bution inside the actual system (e.g., an organ or a blood sam-
ple) at complete mixing is, as mentioned in the previous section,
often far from thermodynamic equilibrium.

Complete mixing in a closed system corresponds precisely
to indicator steady state in an open system with convective
outlets. In fact one might use the term steady state to denote
both concepts. That stresses the fact that the volume of distri-
bution Vd (respectively, the mass of distribution M) is the same
whether measured after complete mixing in a closed system
or in the indicator steady state in the same system. But now
with the system being open. However, because steady state con-
veys the concept of ongoing (but precisely balancing) inputs
and outputs we have chosen to use the term complete mixing
for the closed system. In an operational sense this term also
pertains to the actual experimental situation: inject — mix —
sample.

5.3 The Mass ¥

Suppose that the substance for which we wish to measure
the mass M is contained in a space of measurable size. It could
for example be the intravascular mass of the protein molecule
transferrin (the iron-carrying protein of M Wt. = 70,000). Then
a simple procedure would be the determination of the plasma
volume by using labeled albumin as indicator and then by mass
balance

Mass = Space X Concentration

["u]lransfrrl'ln = Vvlasma X (-‘lr:nafcrrln [52]

However, a more direct approach for determining the
mass M of a substance in a closed system consists in using a
tracer for that substance. Suppose then that we have '#!I-labeled
transferrin. The dose g 15 injected into the system and one
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In general
s=co/C
m/M

Mass balance; two different modes of
expressing it

waits until the indicator mixing has become complete; that
is, until the specific activity has reached the same constant value
s(©) throughout the entire system. As the specific activity is
the ratio of the amounts of tracer and mother substance, that
is, 5(@) = my/ M, it follows that

Mass = Dose over specific activity
at indicator steady state

My

jJ:TT-}g [5.3]

Equation [5.3] is obtained directly from Eq. [5.1] if we
use the type of “translation™ from the hydrodynamic case to
the tracer—mother substance case that was introduced in Chap-
ter 1. Namely, Fd corresponds to M just as ¢(*°) corresponds
to s(=). There is one difference, however, in that we do not
have to specify the reference fluid (or tissue) from which we
obtain s(=2).

5.4 The Partition Coefficient A

Consider an open system through which a carrier fluid
flows. It could be an organ in the body perfused with blood.
Physically speaking, the system may have several inlets. But
by supplying the indicator at the same constant concentration
[€(*2)]b100a at each the system functions as a single-inlet system.
After a certain time the indicator steady state is reached with
a constant amount m(°°) = my of the indicator retained inside
the system. We define the mean concentration in the system
as the amount of indicator per gram of tissue.

Then, with a tissue weight of W g,

Dose  Steady state  Weight X mean tissue
residue concentration at steady state
Mo n;(-ir.'] Wlf"("")]t\m.uo [54]

But according to Eq. [5.1] this amount of indicator is also
given as the product of the volume of distribution Vd (defined
by using the inflow fluid as reference fluid) and the steady
state inlet concentration; that is, mo = VFd[c(%°)]poea. Hence

Residue = Residue =  Residue

”i(""’") 5 W[fr("u)]ll:mur = Vd[(-'(rn)]h!nnd [ﬁq]

It should be stressed that following a widely ¢' used con-
vention we express the tissue concentration in amount per gram
of tissue and blood concentration ¢ in amount per milliliter
of blood. We define A as the indicator steady-state ratio
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Partition  Tissue:blood concentration ratio
coefficient  at indicator steady state
[('J ((I')]lissne

3 ] [€(®)]biooa e [5-6]

With this definition Eq. [5.5] shows that

[ (®))isswe  Vd [5.7]

s [e(%®)]btoocd ‘ W sig

Or, the partition coefficient is the volume of distribution per
gram of tissue weight. A is expressed in units of ml/g in accor-
dance with the convention used when defining the tissue and
blood concentrations. We have here followed the definition of
A used by Kety in developing the nitrous oxide method for
measuring cerebral blood flow per g (or per 100 g) of brain
tissue. Other investigators have used a dimensionless A* as
the same ratio where the tissue concentration is expressed in
amount per milliliter. This definition has no real conceptual
advantage, as such a A* does, nevertheless, have a “hidden™
dimension (e.g., ml of blood per milliliter of tissue). Moreover,
for practical use one must always divide A* by the specific
gravity of the tissue p (“"rho”) in order to obtain blood flow
in the usual unit of ml/g instead of in ml/ml. A*/p is identical
with Kety's A as defined in Eq. [5.7].

It is important to consider the tissue as including its blood.
Thus [¢(22)]issue In Eqg. [5.5] is (amount)/(g of tissue including
its blood). This is necessary in order for Eq. [5.5] to be valid
in the iz vivo condition. It follows that ¥d, W, and A all refer
to the tissue with its blood.

[n general the tissue in a system is not homogeneous
but may be seen as a sum of portions of a few types of tissue
(e.g., fat + lean, muscle + skin, etc.). In this case it is convenient
to generalize Eq. [5.5] as

My = V(j [‘i‘(m)]hlw)d = ‘\_. H/i[{" (U.-)};' I-SKI

where W is the weight in grams of the i tissue component
in which the steady state indicator concentration is [¢’ ()],
(amount/g), X denotes summation over all tissue components,
and the partition coefficient for each tissue component is defined
analogously to Eq. [5.4] as

_ el [5.9]

L [(‘(x".']hlnud

Equation [5.8] may be writien as

Mg

) I{{ I)]hl[»{“l

Equation [5.10] defines the volume of distribution both
directly, as the ratio of retained dose of indicator to a steady-

L 5.10
Vd =IAWi=AW B0
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A is the weighted sum of A for all tissue
elements.

Brain in normal man: 609% gray
matter and 40% white malter

T'hus
W,/ W= 0.60
W,/ W= 040

Remember that in our usage the unit
of tissue is expressed in g, and of blood
in ml

state reference concentration in a particular experiment, and
indirectly, as the sum of products of partition coefficients and
component tissue weights where each A; may be determined
in a separate experiment. Thus A; can be obtained simply by
analyzing a sample of the tissue concerned, care being taken
to include the amount of naturally occurring blood in the analy-
sis of the sample as well as in the weight used for obtaining
the concentration. Determining also the substance’s blood con-
centration yields A; according to Eq. [5.9].

The last equality in Eq. [5.10] defines the average partition
coefficient A as

(5.11]

Thus A is the weighted average of all the A; coefficients for
the system with the weighting factor being the fractional
weights Wi/ W of each component.

To give an example, we can obtain the partition coeflicient
for the entire brain by

Wo ,, W [5.12)

That is, it can be expressed as the weighted sum of the partition
coefficient of gray matter A, and white matter A, with the
fractional weights Wy/ W and W,/ W as weighting factor.

A basic convenience of the A parameter is that it is inde-
pendent of the absolute amount of indicator. If we double the
amount of indicator then both tissue and blood concentration
double and A is constant.

The A concept plays a prominent role in all inert gas
indicator methods and hence we will comment on this special
type of A. At the indicator steady state for an inert gas we
have the same gas tension throughout the system. Let the tissue
and blood solubility coefficient of the inert gas be defined respec-
tively as the amount of gas in a g of tissue and in a ml of
blood at a partial pressure of 1 atm.

Hence, A for an inert gas is

_ Solubility coeflicient in tissue [5.13]

Qubiﬁ!)’ coefficient in blood

This relationship i1s important because we know that the
inert gas solubility in a tissue is independent of the functional
state of that tissue. It may be living or dead but A does not
change. The inert gas solubility depends practically only on
the concentration of water, protein, and lipid in the tissue.
Therefore, as long as such gross physicochemical characteristics
remain essentially at their normal level, the solubility coefficient
in the tissue also remains constant.

For the blood, inert gas solubility in red cells is somewhat
higher than in plasma. Thus the inert gas solubility in blood
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is the weighted average of the constant solubility of the two
components, red cells and plasma (only in severe hyperlipemia
is the inert gas solubility in plasma significantly increased).

The preceding considerations led Kety to postulate that
A for an inert gas is practically a constant for the brain. This
has been verified experimentally.

To illustrate how the A concept is used a discussion will
be given of the brain: blood partition coefficient for 13Xe and
Sfor 13! -labeled albumin and the effect of variations in the blood
volume of the brain.

The blood in the brain may be considered as a separale
tissue and hence

A=SNGW o/ WHN oW A W o H/ W
where W', and W', are the weights of gray and white matter
not including their blood and W is the weight of blood. The
weighting factors W' o/ W, W' ./ W, and W,/ W arc the corre-
sponding fractional weights, and A’y A’ and A’y are the re-
spective partition coefficients. A'» 1s the ratio of solubilities
in the blood in the brain tissue proper (excluding tissue blood)
and in systemic blood. Since the hematocrit of brain tissue
blood is only shghtly lower than that of systemic blood, A’
1.00.

The fractional weights of the three components can be

calculated by

W /WA W/ Wt We/ W= 1
Wo/W =15

Let it now be assumed that the fractional blood content
Wy/ W varies from a low value (0.02) over a normal value
(0.05) to a very high value (0.10); that is, the blood content
of the brain between 2 and 109%. Table 5.1 is then obtained.

TABLE 5.1 Brain Composition (Fractional Weights) and
Partition Coefficients at Different Blood Volumes

Wy W 0.020 0.050 0.100
W W 0.58% 0.570 0.540
W' /W 0.392 0.380 0.360

s 1.1078 1.1045 1.0990

Asin 0.0200 0.0500 0.1000

For 133Xe with approximative values of A'y; = 0.85 and A’
= 1.50 the calculated A varies less than 1% as the blood content
varies fivefold. For albumin, where A'; = A’, = 0.00. the
calculated A equals the fractional blood volume and hence it
varies 500%.

This example stresses a fundamental difference between
indicators distributing rapidly in the entire tissue (freely diffus-
ible :'»mli.calnrs) and indicators that are practically confined to
the vascular bed (nondiffusible indicators). The insensitivity
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d= M/C
(Virtual volume)

Cl=J4/C
(Virtual flow)

Of Ninert ‘zas to local blood volume variations is of fundamental
importance for the use of such indicators for indirect blood
flow measurements.

5.5 Comparison of the Volume of Distribution Concept
with the Clearance Concept

Both of these terms are difficult to handle. We shall in
this section compare the two to show that they are closely
interrelated in that they involve the same type of derivation.

The volume of distribution concept presupposes that there
is a “relevant” reference fluid with a self-evident definition in
many cases. In a hydrodynamic system where substances are
exchanged across the boundaries solely by convection, the obvi-
ous reference fluid is the fluid crossing the boundary. Even
then, however, the systems studied in the body are generally
only approximated by so simple a scheme. Without considering
the complexity of minute effects (such as metabolic production
of water in the system rendering (Jou)water slightly larger than
(Jin)water) we can just pomnt to lymph flow or secretions. In
this case we might ask: If the volume of distribution for '*!]-
labeled albumin is expressed as ml of whole blood in a kidney
(Vd = M/C), is the concentration C then measured in arterial
blood or in renal venous blood? In other words, is the volume
of distribution expressed in ml of arterial blood or in ml of
venous blood? Of course the difference is slight but the example
emphasizes the indirect way of obtaining Vd. In fact, a precise
definition of Vd will in all instances be long and cumbersome:
The volume of distribution of a substance inside a system denotes
the volume of the (arbitrary) chosen reference fluid that contains
the same amount of the substance as the system does when it
is in the steady state. Thus, again with reference to 3'I-labeled
albumin which at indicator steady state also labels extravascular
albumin, the imaginary or “virtual” nature of Vd is clearly
seen: It is virtual because the system functions as if it had
contained the substance solely in ¥d ml of the reference Auid.

The concept of elearance Clalso presupposes the existence
of a relevant reference fluid. Clis the volume of reference fluid
to be used in relation to the calculation of a nonconvective
flux of a substance across a boundary. It is defined by C/ =
J/C; that is, the two “primary” observations are the flux J
and the concentration C. In order to calculate the clearance
we must measure Jand C. The flux J since it is nonconvective,
demands the use of an appropriate tracer for its measurement,
and at any time the ratio of tracer flux jf(1) and of mother
substance flux J equals the specific activity s(¢), which should
preferably equal that of the chosen reference fluid. This is not
always the casc in actual experimental situations and causes

‘e

difficulties in the use of the clearance concept that we discussed

in Chapter 2.
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5.6 Summary

The principle involved in measurement of volume or mass
in a closed system is the classic and simple dilution principle.
It is usually explained by considering that m, of a dye i1s ad-
mixed to a bath resulting after mixing is complete in a concen-
tration of e(oo)/liter. That VFd = mo/c(=2) is then obvious.
But in practice problems are encountered as the system may
not be completely closed and as complete mixing of indicator
inside the system may be difficult to obtain.

In case the indicator is a tracer for a systemic mother
substance, Eq. [5.2] gives

mo = Ms(®) [5.14]

where s(%°) (amount of tracer/g mother substance) is the steady
state specific activity of tracer throughout the system, and M
(g mother substance) is the mass of mother substance in the
system. Comparison of Eqs. [5.8] and [5.14] emphasizes the
fundamental difference between foreign substance indicators
and tracer indicators. After mixing the foreign substance can
have different concentrations in different tissue components,
but a tracer has a single specific activity throughout its mother
substance. This property of tracers is denoted the tracer condi-
tion.

Please note that we have defined Vd and M strictly as
the volume and mass as calculated after complete mixing. This
definition is the “Achilles heel™ of the indicator dilution princi-
ple applied to a closed system because, when is mixing com-
plete? In some cases the system’s indicator concentration (mea-
sured in a suitable reference fluid /) c:i(t) or the specific activity
si(t) approach the final value according to a monoexponential
function that can be used for extrapolation to abtain () or
5i(o2). Thus we see that the basic problem is precisely the same
as that encountered with the indicator methods in open systems.
We cannot recommend the fairly widespread use of letting Vd
or M be considered as functions of time, that is as “apparent
volume or mass of distribution after X hr of distribution.”™
Consider first the abstractness of the “virtual” volumes Fd
and A = Vd/W; to then conceive of virtual volumes Vd(1)
and A(2) that grow with time is truly an intellectval four de
force. Also, it adds almost impossible difficulties to the use of
the concepts in relation to the mean transit time methods dis-
cussed in Chapters 6 and 7.

This comment is not intended to imply that one might
not use the term “24 hr exchangeable mass of Na*.”" This is
simply an operational indication of how the experiment was
made in order to almost reach equilibrium. What we object
to, in terms of this example, would be to speak of an exchange-
able-mass that increased from the moment of injection accord-
ing to the equation M) = mo/Sprasma (1)
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m(=)

myt)
1
s
S{=

We may obtain the mass M in a single inlet system into
which we inject a bolus of a tracer

JH mit)dt I : mit)di
.HZJ‘-:L'J i [5.15]

J' .s'(f)d.' G s f s(t)dt

where m(t) is the residue in the entire system and s5(7) is the
specific activity at an outlet (or anywhere inside the system).

The symbols will be discussed in detail in the next two chapters.
We can rewrite this as

3

M= for 7'— o

T
§o T
and as 1 — m(®) = retained dose mg, and § — s(=) for a
very prolonged bolus (an infusion experiment), it follows that
the closed system Eq. [5.3] is just a special case of the general
Eq. [5.15] employed by Bergner.

EXERCISES

5.1 1.5 g of inulin is injected intravenously into a subject with no
kidney function (maintained on hemodialysis). The equilibrium
plasma inulin concentration is 100 mg/liter. Assuming no loss
of the indicator give the inulin volume of distribution expressed
in liters of plasma. With a hematocrit of 0.50, how large is the
inulin volume of distribution, expressed in liters of blood?

Assume that the plasma volume is 3 liters and the plasma
protein concentration i1s 7% so that we (approximating) can as-
sume that 1 liter of plasma equals 0.93 liters of ultrafiltrate.
Give the equations for and calculate the extracellular space here
defined relative to inulin.

5.2 An isolated skeletal muscle weighing 40 g is perfused with an
artificial plasma for | hr until equilibrium is reached. Indicators
are tritiated inulin and '*C labeled sucrose. At the end of the
experiment the following data are obtained: Plasma inulin 1,000
cpm/ml, plasma sucrose 300 cpm/ml, musele inulin 120 cpm/
g, and muscle sucrose 60 cpm/g.

Calculate the volumes of distribution and the partition
coeflicients. Also give the interstitial fluid volumes assuming it
to be plasma ultrafiltrate and that the plasma contained 5%
albumin (see Ex. 1). Discuss the difference between Vd values
for the two indicators.

LA
;_DJ

For inert gas 8°Kr the concentration ratio Cprasma/Cred cells i$
0.65. Write the equation for the dependence of Aprain On the
hematocrit of the blood when you know that at hematocrit 0.40
the Apeain 15 1.06.

First write the equation

I Corain 2 Chrain

Cblood Hic Gred cenis + (1 Htc)cplasma
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Then insert ¢yasms = 0.65 Cred cens 50 that Gplasms IS eliminated.

This equation is used to express A prain [0.40] as [1/(0.40 + 0.60 + 0.65)]

Chrain/ Cred cetls. AS this A wvalue is 1.06 it follows that cyrain/
Cred cells = —. Inserting this into the general equation gives

A(Htc) = Hic + (1 — Hic) + 0.65

This example illustrates how one can utilize one experimental
A measured at a given hematocrit value for calculating other A values
if Cplasma/Cred cetis 15 known.

Note that the gross chemical composition of the gray and white
matter of the brain is practically the same in various mammals includ-
ing man. Hence Agrea and Awnite are also the same but X is higher in
man than in many of the other mammals because of the high percent-
age of white matter present.




