
w w * -  
d&ml *wkb,& 

the m. 6- I. Tbdn i8 b k ~  LI c ~ ~ ~ b f t  b ~ d y  of theory 
c & d n g  kquencyd- cbamWbmfi0a W dws r#r Ildditiod 
infornwtioa, bat wbkh prmm tbemwidama~min adBemt  manner. 

is s o ~  more appropriate, p n h b f y  when sinwoidal input 
functions &e feasible. Such functiom are not f d b l e  for moat comprt- 
meatat aystkan apphtions, for which the inputs are more usually impulse 
and/or step functions. Details of Irequtncy-dodn charact erimtions will 
~lkFeFoit ad b in this h k ,  and the inmatad reader is instead 
r a S d  to a srabrd text, for example Richards (1979). 

3 Analysis of Systems with 
Qne and TW Compartments 

In some practical situations, the system being modelld can be approximated 
by a model with only one compartment. In physiological systems, for 
example, the compartment would contain the systemic blood and well 
mused  tissue. and the effect on the kinetics of lcss well perfuwd tissue would 
be nedigible. 
The onecompanmcnt system is shown in Fig. 3.1. The diflerential 

equation for t hc quantity x, in the compartment is 
L 

so that 

The observation is 

w b m  ci is tbe s b a t i q n  ww If the obwtation 4i.c. measurement) is of 
--mh, for m w h ,  a ~ d ,  r ( t  l L a qwt i t  y, 
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Figw 3.4 Observed response of tht om*omprtmcnr model to n conscant infusion aver thr 
lime ran@ 0 G r Q T,. 

From eqn (3.12). the measured quanrity during the iniusion is 

c ,b ,  D ,  
~ , i t l  =-- (1 - e ,  o c r < 

koi T 

reaching a value at the end of the infusion of 

ARer the infusion has stopped, 

A plot of yl ( r  ), as given by eqns (3. f 6) and (3. IX), is shown in Fig. 3.4. 

3.1.3 The wmhouf c u m  
As noted in Section 2.4, a wmhout experiment is om in which a continuous 
infusion is made for a very long time until the system is in a steady slate and is 
then s t o w ,  the subsequent decay CWH bEing the wasberut. If  the input 
rate is k, aud b, = 1, then the smdy-state value of xi is, from eqn (3.121, 

3.1.4 Repat ed impu hive input 
In pharmacokinnics applications, doses aften repeated at regular 
intervals. Assume that the doses are impulsive, of magnitude Dl  and that the 
constant interval bctwmn doses is To; let the input fraction b ,  be unity. ITthe 
fitst dose is administered at r = 0 and x1 (0- ) = 0. then [be quantity in the 
compartment between doses 1 and 2 is 

The maximum value in rhis interval (at I = 0' )is D, and the minimum value. 
just &fore the administration of rhe second dose, is D ,  e - k o t T a .  ARer the 
second dose. bul before the rhird dose. 

(The model is linear. so the principle of superposition applies.) The maximum 
value in this interval is D,(l + e-'olTo) and the minimum value ia 
Dl e - k n ~ ' n ( l  + e - k n ~ T o ) +  

By similar argument, in the in~erval between administration of doses n and 
[ n  + 11, rhe maximum value of the compafirnental quanrity is 

In the same interval, the minimum quantity is 

xlrnLr = c - ~  O1 0~xlmu (3.24) 

As the aumkr or doses becomes very large, the values af the maxima rise 

from D, towards wbik ihc values oi the minima rise lmm 1 , t-holTo . 
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(yl ( t  ) is obviou4Iy zero in this case Wlrsc tbtrc is no Link from compartment 
2 lo compartment I), 

If, instead, a constant contjnuw infusion, d rale ki per unit time, is 
intrducod into compartment 1, with no tx t tmal  input to compartment 2, 

Ulr) = [: 01: and 

Exgressim lor x ,  (t ) in a twosomprtment sys~em with i m p U  ue, inputs 
repwed at regular intervals. to one of the cornparmen@ will b faudd in 
Bitzaldi md W e r  [1975), p. 119. 

whence 

8% we have seen 'above, a,, must equal a,, and a, ;zaj, must be zero for 
repeated eigenvalues in a twmmrnpafiment sg&em. Consid~r a system in 
which a12 = 0. and a,, = atz ,  for which a,, = -(B, tr kZI 1 = a12 = - koz .  

From eqn (3.6 t ), the eipnvalucs are 
whence 

c b k k  ~ 2 b 1 k i K a 1  ( I  -e-koilj - 1 I i 2 1  
I e ~ o l t ,  uz l t  1 = kit ko2 

(see Appndix 1 ). and 

Example 3.2. Fur the two-cmparme~1 system with k i 1  = 0, k,, = k,, = 1 
and k02 = 2,find x , ( t )  and x,(r) for t g Ofor rhe foliowing cases: 

(i). u,(t) = D,  4 1 ) ;  rr,(r) E 0 
[I). ~ ~ ( 1 )  - k,, t 3 0; ul(r) =O. 



F i  3.9 Rcsponaes or m d c l  of Example 3 1  to impulsiu perturbation of mmpanmenr I 

Solution. Case (i). From eqns (3.33), 

xi(;) = D, c - ~ '  

x,( t ]  = D,t e-l-' 

(see Fig. 3.9), 

CUSP Ui ) .  From eqn$ (3,34), 

xi{[)  =&(I - e->l1 

~ ~ ( 1 )  = kl[i(l - e - 2 ' )  - ii 
(see Fig. 3.10). 

3.2.3 Source cornpartmen f s 
A source campartmen1 is one which does not receive nra terial from any other 
compartment ; it may or may not excrete maaial  to the erwir~nmenr . All 
source compartments respond as a one-compartment system, no matter how 
many cornpaf men& lhtre arc in the rest of the system. so that only one of the 
modes (singl~xponential decays) apptara in the response af a source 
compartment to a perturbation. 

In a two-compartment system, compartment 1 is a source compnment if 
k ,, = 0. Altbough the pmenct oi a source compartment is t be only way in 
which a tw-mprtment syalem can haw repeated Q$e~vatw (as in 
Example 321 w a t c d  dgenvalua can only occur if, in d l i o n ,  a,,  - a,,. 
ttt us mmskk  an exam* with distinct eigenvalw. 










