






Thccascwhertmnk A c p i n r h e l i ~ e a r m ~ x  = A j ? + b & t M t k h t  
t h e  en issw which will bt ofoonam later. lf we are given a distribution lor 4 
the distribution on tbe sample space dqmk on p, as rhis &&bution is 
-[red aa Aj?. However whea rarrlt A < p, &reat dua be yield the sam 
distribution m the mple space becaw d i f h a t  v a h m  of p cormpnd to 
the same value dM. L is c h  that in this wbik  an observation x m y  
give stsgomc hfomtion a b u t  @, it an give no di6tninBtory information 
whatlmvcr Mwcen dihcut ~ l k s  d# mmsponding to the ?amc d u e  d 
w. lho paranwtu is said ro bt uaidgltifiabk More $taually, il differcn~ 
v d w  of s o m ~  paramerer gi* the same dbhhlion on t b  sample spaw, this 
jwamaer is not klmtilhble. 

Whcn a para me^ is nu1 identifiable we m y  say that two values of it are 
quivaleni if and only if they yield Lhc game diatrihuiion w the smpk r v  
This d o h a  aa quivalmce F ~ W W  wl~& witions rht pramcter s p w  into 
qduaftbce dasses. Umlly hen m &mation will g h  information about 
whkb. quivakm W tk tFut pammm Monp to but no information 
abut w b b  s~to& d thk quir~laurs c b  Iba true m t r a  k This 
dmutty redly adsw b W  aS our spbtilhth of the slatbtkl model 
&&bins b e  slt.wti# in wbM &wwIiware mde, and it an be avoided 
by a a t  &tion of !he mrrdcl. For ingtance, in the above l i n w  
mm#ditm&rA- g p,Mnp-qdchEcc~lumnsofA,oay h h a u t p - q ,  
are lincsr mnbbttimt oT the mwinlng q. It foliow;s that, if a, is Ihc ith 
column otA, tbtn 

w h e  A, is ttrc &matrix ofA cMHistiof the first g columns ofA, Now A, 
has mnk q and y, a g-vsckm, is thea ideatiliabla Had we Wikd the m&ul 
in h i s  way then would have kxn no idcatihbillty p r o b h ;  but the para- 
meter f i  may baw sint s i p i f h n c e  in the puh1 Jitltatim which the 
sWW m d ~ I  h k i b h &  whmar tbe paramtter 7 ir not so easy to 
in-. 'NMural' ~ F i z a t i o n  in rhe model wl  up m y  lsad to non- 
idmtWi l i ty ,  which b mom in tbt natum af an irritant than a sciutcc or deep 
p w b b  

Ihcmethmlofbt spuanshas k m ~  it#mduad om kkpurcl~ intuitiw bmis 
t k t i f ~ e ~ t 6 t b e ~ 0 f 1 d i s t r i ~  byIbtpwmW~mrestthe 
ahmation made, r tdp mimuc &auld be quitd @, siaoe thc &mation is 
probbly mar the f r w  myn. Some a m p   tiat at ion of tbc method is 
r e a l l y d ~ ~ e a A B ~ a j u s ~ t i o n h g w v i $ e d ~ t h t ~ t h s o r r m  
whi& we Hsll W w  in thb a i m  

Wbmm iil chagtGr Z we: rn with mt-vald pramtam and 
crstimatg of thcsc, w arc wnmrnd hm wirh B ytctm-valucd p ~ ~ ~ m e t w  P. 
Qw cdteri~n br & m h g  among ml$ased #titme ofa reat pramekr was 
that of minimum wkm; in other W& if 8 and 4 were two m W  
wrimam, B ww reprd~d a ww t b  El if var,{d)- wr,(8) wtm greater 
than 0, What is !he analwe of-this ~ i t h  fr# a veCtmvztlwd pwamct& 
11 bihz i ~ # ~ n d j ~ m u n ~ 6 8 ~ o ~ t ~ e v c ~ t o r ~ a w d  th&w?Wce 
W# am var& = &@-@&-fl ad var @), simMy Wad, thar 
j + a ~ t e r w ~ m t ~ ~ ~ ~ i f t ~ r h ~ t r i x ~  (B )-vwG)iapitiveamli- 
~ h r f n r l l L ~ ~ d t h r r u d a r e v & t m d a ( l w l i l s m m ~ b  
tba mailer  than that d j. ~0~~ way OF putting thk is to say that the 
variitwt of any tinesf m B i r m h  ~f tk campmts of b is no larger &an 
ihekdt l lomne l i n ~ c o m t r i w t h  ofthtc~np~ncrlts of 8; symbolhlly that. 
h r w q  P W f  F 

- W o v  thrxwem proves that wllbpet to m a i n  w n d i h s  on the 
mt-vccler E the kaa q u a m  cathate 1 is bum in tbe above m s e  t h  
any other unbiased /hear estimalt Thia dmurse is a weaker result than one 
which suleg that an estimator is k t  in tke- ofall u n b i n d  mttnalos, but 
the input in the way orassumpions oonming the error vector is weak M we 
shall sat. and as a pneral ruk in the thbwy of i n r u e  the w d w  tke 
aoolrmptionq or the wider the family dpamible distributions is Pllowsd to be, 
the w k c r  are the resulks w h i i  can be obtained. 

Tht samples id saction 3.1 s w  (hat m otder h a t  the k a s t - q m  
cstimate k k t ,  ir may be to require ~ h r  ~ h t  cmpaents or the 
rrmr vcctw be indspmdcnl and idendally ditributed. In fact  he Gallss- 
Markw thm muim Iws than this -only that thceeoompomenls haw Ibe 
sarr~r variance and are uncomlsred. Siaet Ihtpssibility of non-iduttihbility 
of fl complhm m~ters coluridw*ably, tw give fitLst a prmlbr  he CE+E w k  
mnk A - p so that fl is idenrifiable and rhe br-squares estimate is unique 
and equal to (A'A)- 'A'x. 



L5.1 The cme where f l  is t$en~i$aQfe 

H e  FA - c'. 

vatp@ - YW* {@'A)- ' A'x] = (A'A)' 'A' -(x)A(A'A)-' = ~ ( A A ) -  I. 

or that I -A(A'A)''A' is p i r i v e  saniaclSaitt. This Zblhwa innm ths U y  
w h b k  ikt tha1 this matrix is idmptent. (hdimtslly it q m m t s  the 
art-nal projectioo of BI" on to &e ortbopmi wmphmt dtht mge d 
A and &(I - AWA)- 'A') b tr tbe uf the dstmw of the rmsr b from 
the ran@ of A,) 

This compbm the v f .  

3.53 Tkcg#leral Easc 
I f r a ~ k A  < p , t ~ 0 ~ ~ ~ h t i 8 T i 8 C b h ~ ~ i . ~ m b n o b ~  
oftbgeishtA'Abttrimsingularaad~e&nbtbav~thc~uIussimpDb 
cxprcssIam lor r kwt-qwm &thrs J. It rkmslibs me h o r n  ttrat any 
1ast'.p9uam mimete serlkfia the aquation 
A'@ P A'x 

W a'@ - a'x. 

The +end md ksa obvious camplica~ion is the tact that wbar mk A < 

nar wery I i r  psramsktic ELtdon a unt,h@ b% h t a ,  
tpr in o* tW b'x should be an IE~W 4Wi-r d cj# we tdquira 
~ f c m 3 . 5 . 1 ) l h a t c '  e h ' A o r t b s l a ' s h o u Y b r m p w g g l W s l a r ~ ~  
bimuionofthemolA. WhmmnkA - p,tharw~r>pA~&I*@eowy 
p m o r  ca m bE m p d  as a Uirsar combination d t b w  row ThSB k rtot 
so urW tank A .r p, In coadded~g the g & d  W e  t h e d o e  trve m w  
mrkt a~tcnrbn to linm pm?tWria: lunctlw r'j t W h i  haw untriesadlj- 
cctlourrav or arc rslinwhh, 

Sepprw lhcn lhr 4 = r'fl is an esti-bk iuaction We wi6h to 

\ h m  thu. d f l  ta ; m y  Iwqt.squnres estimate of 4, c.8 is an unbiassd talimator 
r b r #  und that 

vsr,r rob) c varP&) 

tar any other usbiased h t a r  dhaatm d of#; (his king wbjtd to the eon- 
dEians of ThcoEsm 3.5.1 apgn fnam tht on raalr A. Now - Q is - 
rhare tx iws a b e R1 srpEh tbat c' = b'k Let a b the projsdiolt of b on cbs 
r a n g e d A a o t h a t b - a i s o ~ r o t b ~ o l A , o r ( b - a r A  &Then 
a'x dso Zb an ~~ ~Wgr of 4 since 

Momw a bthe only vector in range A s d  !hat d x  Is aa unbiased allmetor 
of 4. For suppm there is snothu m& -a+. Thm we hsve for mry j, 

This m m w  that a- a* is orlhqonal to ranp A, but sinccn aad a* arc both 
in nngeA,misa-ll*.Thdorto-a' = 0,Lk a - a*. 

Now var,[aWx) < var,(b'x), where b'x 1s any otber ~nbiesad etimetor of$, 

since var,(a8x) = U'U'Q, 

%rhf wr,tFx) = aab'h - oz{a'af (b-a)'(b-a) 3 apa'a. 

by SIrowfog that v#, (c'j?) = va+(a'xh. 
S i w  cl'x is m unblasad &imator of 4, we haw d A  = d. 

It remains true in the general case, that any bt-sqmrts mimete fs Wtsr 
lhan any dm u n b h d  linctu Qjlbnator in LQ #mid PI that jt k b  to. 



h #iltbm tluct iaslw&qwaJ pM(sontrarg t . p t b p m o f o l ~  
3.5,L)fReb~awmapMtb stated hpa@y W-qusm Wimarrn~o~&s 
WbiWBj-m W n  h ~ i s a s S & w a %  w y r e m r d m y y ~ e a t  d 
d q k ~ ~ p o w % ~ , a s u h ~ r ~ ~ ~ - h f t n e t i a m  
&@~d=(l,0,01..,,O).1t~yh$Gthaifihb1f~~~kbb 
lislWcmkfhlit tb&U1@lumn d k m a i a w c a d n t . y  elm, i ~ 
kawtiaapry~ Wt no ObsdcyaW @w any atrout @, md 
t ha4 fl, b not -&h. Sa in thh % da t b  ex& no t m W  w ~ ~ w  
of&,uIbrkbdtk#mimno~ed~. HWW i l i a  1mt1 ifa WM 
B r o f ~ i s ~ l s t h c ~ ~ ~ m p o m t  piany k-g9uawmimut1 
of k an unbiased mimator of - this fdlaws b m  the facl egiq&rW in 

5-53 lkol c') = Q'X, in tha m181tion ui h t  u i o n .  

In the last pragmpb qf section 3.1 we anticipated t h  pwibilily I ~ I  k t -  
squarw cslWra -1 oat k %at' whm fhc cmnponmts of the m a r  
waw I dkl nor all Bave !be same chance of beiw smsll; end indeed a d a 1  
part is ph@ in the above prooh by the orssumption that I& variunm matrix 
ofthe error =tot is s'f, that is, iu cornponeno ha= the -me v a r i ~ c t  
d a r e  uam~hced. The ahbra ofrht Gauss-Markov theorem suggests tk 
appropriate modibtion 10 the math& of least squares when tither the tmrs 
h u e  diffwent varienm or whm t h y  are correlated. 

S w  tbm that we oonsider the liaear model 

with the-same mumptions as klorc ex*cpl thal now. instead of huving 
war a = ufI, WG amme tha~  vat K = ulZ, where Z is  a h m t  m i ~ i v c  dcflnire 
m t r k  TbjS allow tor Qe m i b l i t y  of differiqg variwccs rmmg the t , s  :md 
fot crorrehtion betwan ~htm. By a noa-singulr linear transkrmrtt ion wc un 
t d w m  this modtl to that prtvioudy inveswlcd by the Gaws-Markuv 
rbaw9n. Fat dna Z is wilive definite, ir mu k e x p d  in the form PP' 
whw P is non-singwhr. Now let q = P- Is and y = P-'x, Then we m y  
write th m d l  in the rorm 

PY = A B + h  
or y -  lP''&Y+q = W+g, my. 





* s I a N ( O , d ~ ) ; A i p ~ a d @ a a d a a a f i l m k P o w f f h w e n o w  
prow mmetbhg stronm about Mquares wimam? T ~ B  is 
a n d ~ ~ t o t b e R a o - 8 ~ m e l l t h a o p e m ~ ~ m a t c s t e t h i s  

With &&idanal ammption srd~ormaMy oterrcrs, we h v e  

b g ~ 8 t h e ~ m ~ h d n d i t y b ~ b m & ~ ~ a b k  
t o ~ ~ ~ - q ~ ~ i m a m , a e o @ d h a ~ ~ *  
they apt without t h & m m p r i o ~ .  





M i n g  p x p submatrix or thc inversc of 

It is k from the ergurnen1 at lhc Mnning  of section 3.10 which repara- 
wKim$-d~thoa 





wbere B is a matrix w b w  e o h s  arc ortsopna1, md hat the ht-squares 
mima& or y b d y  dcuhtrd. 

~ t t b e m ~ u n c o r r 4 h ~ w r v l r s w i t b a ~ v a r i a M m V e r i f y t h a t  
A TI, f a . .  . , T, are not idsntihbk, but hi they arc wbca the reslrhion 
t,-tr,+ ...+ r, = b is im@ Show that tht lm-squam t s t h t q  
subject to this muidon am 

1 
~ h . r c x , - ; & ~ ~ ,  ( i -  1.2, .... r). 

3.5 x1, x, x,, % arc msdt d the soOlaa 81,8z,83, 0, or a 
4 ~ o n t h e g r o u n d . U ~ ~ a r s ~ t t o h d ~ t  
m wilb m mclans and cwgmoa & *=, I t e m h e  ~ - s q ~  
~ o t I h e e ~ , ~ o b w ~ a a Q i a w d e r p r w t a ~ ~ ~ ~ .  

~ ~ t h e q ~ w s r t l b k n m m t o ~ a ~ w i t h 8 ,  = 8, 
anties = 8,. Wbe~~arethaktaqmmrtimekditsmglqd how 
would you eathmw o"l 
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The Method of Maximum 
Likelihood 

m !.i&Jki;&ip 

TIrt jwibtbn db msthod d Iaa squaraquira  m Wledge ot f h  
bm of & &tribution d the rn P.a?tor apnn r ~ m  its m a n  and w r h w  
matrix. ahd E)te method rn be qplkd without this fwther hwdad*. lk 
nmhd of maximum l i k d b d ,  on the &sa hand. is applicable mainly in 
siwadms w h c  dat tmedistrihtion wl rl$mpls k w w a  from 
the YBIW d II I&itt n u m b  of unknown 4 pmm Sa mi- 
l ikelihd h usrtally applied wh#1 the Family d-k dhaibruioa au tk 
smpk SF caa be Mild by a parmew D taking wlm h a h d k  
dimmianal W i d -  sip* In addition, its agp l i i t io~  igaaemlly mrbM 
ca the Slktre this W t y  {P,:Do8} i@ a s u b  QC R*, say) fwma&s 
f i i y  hnclklas {p,; O E B) with m some "rratural' me4lolm! ad the 
amde s p ,  such as w n f l ~  measure if the sample space is d h o  or 
m g u e  measure when I1 k nat ; h lhe d M c  case p,(xl is 'the p ~ h b i l i l y  
of the pint x w h M  B is the trut pm1m';  in the continusus cape p,(x) is 
'the prokkilitp d#lrity 11 x w h  Q i8 t?m tm pram~er' .  

I t  is C O ~ W ~ I  now to change ow nocation and write p(x, I)) i m d  of 
p,(x); and we make a distinctim b c r ~  iha fummn p(.. 0) Which h a 
d c ~ t y  runction on the sample apaw, and che runclion p(x. .) which is a 
lunctian on the parameter o m  The latter runelion. p(x. .). is all& th 
l l k e i ~ ~ b n o o r ~ n d j n g  ta tkobserwtion x,  or simpty the 13kaIIhoad 
function. It e x p m   he piausibilki of different panmen ehnr we haw 
obwved x, in tBe abseim d a n y  other information wc may have about thm 
digerml vdw F i s  hst sentme mi@l well be lhe suBjBCt 0Csai-e wntto- 
way, but we shall mum to this paint bter.) 

me me~hod of maximum Iikdiihood h rr strmg intuitive a& a d  
according to it, we &mate the paranmur 8 by any gmmelu which 
mwimim the l ik t t ihrd  bctioa p(x. 0 ) :  sach s parmm belongs to the 
wt most plmil$eeRwwe harcobsarvedx..OIten there is o uni~crtrrximizira~ 
paramolerwhkh isthe mast plawiblad tkb blkn themaximum-likelihood 
&ate. 

OTwrse it Ir p&bk, iT. for in- 8 is an ajm set, that aa maximum- 
IikclihM 4mte exish Hawe-wr in practice this doas nol a n  caw 
tmbk 

A&n fomatly at h i s  stage we msk@ the disddgn bAl- the scimatt 
fi4x)and ibeskifmtor 0, but w s b U  notmainwin this Qs!Wion &mlly, 
bving thc&wt to makeit dnr whethwwtan thinki~d6l*)aaafullction 
or p ~ k u l e r  i9b drr Wm. 

The mut~ d k  indqmtht I ~ I S  m d~ of whiEb thu pbabil i iy  ofdu~eess 

isB~x=Ix,.x,..,.~,),~as118~~ll&a&x,isei~Oor 1.Fimdtk 
l-mrclwwn-likd&d esrrmais? dB, 

Theliktlihd function. d d i d  on [the interval &4 1 ), is given by 

So in $his- the maxhum-lr'kelulbod mimator mincidoswrith the M.V.U.E 

h ~ x  = (K,,$ 2r . . . ,~ , )h~ d a m  from an NdCc,02}dQnbution 
wiA y and n' w?kmn. And maximum likclihood twimates of p rad uz or, 
cquiualecrtly, the rwximrrn likclihaerd estimate of 8 = h a') ).la !his case th 
l i k e l l d  W h n .  &ad for all 4 md aU oL > 4 b 

Maximizing p, Hrch is non-negative, is equivalent to mimizing log p and 

We Rnd lhe mimizing valw by the W a r d  melhQd tor maximizing a 
run~idn ~f two oariabk m e t y  quathg gartia1 dwiwrivm ro ma. 



that dr- value d p and aa yW arl 

la t b  w ir wm,psdbk w ibl rclatlvely h p l c  e x p ~ & ~ ~ ~ b  in 
tWWrn-1- ~ $ f i a t t q  but often this is nol mbk 
m t h & ~ ~ ~  It is WHY &bk to mume that 

1#1h 14% @ = h & p h  e) Bnd 4 ir tho VWtW dikmglu Q m M X  WhSe 

fth wgmam is 8 y  cxpbiting apccial fmtures oft 
bI10wa hip -ion, w 

to ~IX ~ I U W  B or w 9 ~ -  *W 
~ \ & T W m 4 # t k o ~ a a  kasm  of&^ mbh@-flm- 

0 I&, & a 4 IOr, P3-k (D$ Ik, Per)fb-pl)l 

m+it@- * ~faw&$ I Y $ R F ~ * ~ & ~ ~ "  w (fw 
marum--mibaod e3Wakg. 

New we cy,peat this Ww% -Sib $@& of@@, tw ~ d l n  a nw 
apprwimption C'! and so aal. d qn lrbmdvc @Him Tar 
~ ~ a s q u m c e ~ w b i e h  ~ ~ d n ~ ~  lo h"f~~is.k M ~ M ~ s  

- ' * ~ ~ ~ ~ w ~ ~ ~ f r v b ~ ~ I f r e  
- ~ ~ ~ ~ a t b i L  ' if i i i k l i i d ~ i i w h * ~ ~  
tb6rk&wwwz,gc  B 
1 h . t ~ ~ u * 1 h e 1 p n a ) ) m t v i i t a , z ~ * ~ ( r * 9 * * ~ 1 0  
~ , ~ ~ r o r & ~ m ~ ~ * ~ * ~ a n a l l p u g a , ~ ~  
pramdm leads to a new sequence of a m M C b r  fe t% a -*id 
~ ~ ~ ~ ~ d * ~ ~ w y - ~ - ~ ~ - W .  

A ~ m o d i I i m t i o n ~ n d ~ r h s W ~ , d ~ t ~ i i ~  
w m ~ . ~ i s ~ i r n w @ ~ t a ~ t M ~ ~  
Pf?[x.W) will be relatively d w  t6 ils mhb (%llx,@@')); 
B I ~  e2lou&, than k to easurc that a SR" of 10 8, 
~ 4 r ~ s y d J b ~ n l u n t k h s r r b ~ l ~ , * H t a ! 1  w ~ w ~ % M ~ i t ~ ~ ~ . ~ & d b o ~ t ~ ~  

ia@k&,@QbWnot ikitswp& walu~&+ it is-pdbde 
m ' m # l & - b y * P  { W f x , m )  w-0fDPIcX.m 
W&$$#,mB$* (@l&,P)j ~ s ~ * l e r n  - -BP 

,&+&-#wwL~~~*+w- 



d rcn - ;g.atr~. 
- f & m & q & i 4 i D  *iaaa~pr4dmfor avlllualiwfiand 

Q ara&f~+&&.;bw ~ k y a r r  & probibit5vc. Fw W h  details d tb 
- -  and'fw nllAlgica mmglea, the melor 

~ & & ~ . [ j ( I q n J : ~ k & ~ d m i m ~ t ~ . a ~  
td*a*e. 





whw *-nulnW o t - m k m  is my, very Opp$e. we ought to k 
@#J cerpin- w h t  the true ahhe d the pameter k 

bf&&-t&I Ebntwir is  gim b Lhis notioa by tlm atemsnt Ihat 
~&$@pai ~esdnWba dwM tw possible la h circumsuma W b e d .  It 

3ppMmt bdwnmmw lha~ any mathod ot mimalion which 
w.mpljs .*hw pcopny  of -y. 
NOW if $4 is i d rand# varhblw M joint dimibutions 

d e w  unan w n b m p a m ~ t e r B  ino metrlesp#0, wemay M n t  a 
~ u t m  (#J Tmaxbaws~li4dihd estimators 0f8.8~ king tbe mximw 
IUrelihp~d 4 m m r  based on x,, x3.. . . , x,. W o n  4.4 di  the rmia 
k4su 4 y i n g  a pmpfdthe fael that iftlw x,r are i&pkdmtt and k t i .  
ca& dkdbu#d, tbe seqwast 0 k consiwt: weakly wnsiaen~ if a w& 
b u f  h q c  num&rs is mpto).ed; atongtyartldsunt if a mng law ia uwd. Of 
mrstanalytk W k  are required and nguki ty  ~~cmditions must bt h!m- 
du& tora cbntpl& pmd, *hick is quSte mplicatcd. n# readsr b dud 
lo WaM ttW) Isr such r cmwW proof. 



~ W k ~ ~ h t & r m o 9 t b o t i % k k h l t l t d s & b a a z ~ p r r r r r a n  
a w b e  ~Qflnfo- f r o m a . ~ ~ a  
m w  y the ctnttd h i t  ihwm n'*D,t& fl io --* Iy@ 0. 

4.7.1 a -s, whu a b i l y  or &tributbm on s sample space is 
mwagr%vduad pramem A w b a v e a d d h m l h o ~ ~ a W  
t h e u u e p m m c ? m d w c k ~ ~ ~ ~ W ~ i f ~ ~ ~ m  mt&ionaThen tbe 
p a m C m w e ~ ~ h * -  
g - f&lte&f,m - a), 
*#MI. l > l & ~ ( & p . . t b @ $ l b a  --* 
~ ~ ~ ~ ~ ~ ~ ~ ~ a s r n ~ @ # t w ~ ~ b M ~ ~ Q  
m ~ , a s h r & ~ m t l M b f  ~ ~ i g ~ ~ * ~  
~ ~ * ~ o o d ~ * % ~ ~ ~  
*iiM%d~*rnh-w*~ 

4.73 &~riou~r*d&nruhgd-w&wmmbme- 
& & * ~ E , , & , & & ~ b t o a @ c u 9 . t a i k a r H -  

6.1byanini~lqmmwim.maQP$.fbP- 
.h -... &toa*&& ..., bk,,,.. ., S,b&awayW 
Ilt - (kl,& ...,YiSgl-wfttnBtm-R*~i* 



kind g P m  Y in d o n  4-6.1 we cra o h i a   appro^^ ts W 
tl&&wim d b particHhr, if WB am daelihg wkh a smpk 
& ~ ~ 1 3 r C s l g i t d ~ ~ l y R o m a ~ t i e a l ~ t d v h , i 1 i s m ~  
d h ~ ~ m y n e w I h o t r u e ~ O - h a ~ t d ~ ~  
~ * m 1 E t a t o # ~ t i s n , a t h e r e a d w n t a y ~ . ~ u r ~  
h ~ W a f e : W h g d h a ~ o T r t , W s i s h r $ e i m h r  
r =&k,Xar..-,Qrndtt#~fi#hdcp#lbsllt 8 & ~ & d t d r h H & d  

or, in matrix -tiam, 

We now applp the b w  oflam m m b  to - n A ' d l k O ) p l d  f in4 us 
More, tb this is appmximkely & (the iabaation matrix k r  s sh& 
okwhITkeWdt i i r r i I  t h m m @ d  I o n  *D+llt.tl]blr~wb~frut 
it kappdmat&j aa NjQ $i) w* u l l ~ k .  ~ . o w ~ ~ i n n  
M a  a t  *firtbtr sham, khe%k t h t  a p p r o x h t d y  

k dQI= EoW&B)h 
w b l r  pi-, O) blhQ danshy hmclion tha. Wh * dkt&~- 
tidm , t ~ ~ a e p ~ e r e . ~ ~ ~ f i T l f l e f  t ~ t t r ~ ~ i .  
- a n  kkfamily ( I ( . . @ : B ~ 8 )  ddcRsity-topanit 
~ h c  hUowrh~ omions w h i i  rn haw alreardy 

where Me is  tkt kComa&n mrh, Pm x. We b o w  Ilrrnn our prwrprwro~audy 
of the W[a# m, MI if1 i$ f d d # e k ( t b  is ifdi&tent 8s comspondine 
to W w  &qribst!Ion&) t b  zi#O) is WI M u t e  m ximum o f t  'lPriP muall y 
mIiR+imtk~-m.PntbtcxpsAsiatlofp(B1~bout 
a@slw~J-iW t W ~ h ~ d & i t u  Q f m m  thSS b not 

I[ i$ W jB--@Jkl,@-$oj is d tb higher 
P ~ # ~ w ~ w - $ & P  -a@ikcn#tuaatthbisa-tinppp~fkqd 
~ J k i & p i & @ i y d b , ~ d &  ittrkhi drwkitg atWEfi m i l s  
~ h s m x ~ ~ ~ f f . ~ ( &  ~ a ~ ~ ~ t  wt, iswtb & & h a t  
~ ~ ~ $ h a n w ~ ~ ~ ~ .  



4-73 For the W IWM w lhepddity (astion 3.4) o~noa-idm&- 
awity ruYd llvc adjtlsmat tlm3Wry lo tl# tdmique for findine mstricttd 
W U i R W w A W k - t h o f b o a W b k i n t b t a b r r v t l a t g a  
ampie thaoPy for w&ld ~ ~ l & e l i h o o d  eriimaw in the a w k  
the W o e  met& is a iquhr .  Far, M Iddiitbd in seaion 4-74 &is 
often merrns Bis  not h t h b ~ e  witbut rasWoas. However a number 
of tlre roa&?kms 

say the h t  r of t h e ,  are jut enough lo emwe identihbilfty (aa in tbe Ihw 
-];and lhh d y c m w m  LBat the matrix B,+H,,Ni, h3 ~ l i w ~ ~  
w & e M , , k t h t ~ i a g s x t  ~ b m ~ ~ f & T l m c t a b f ~ t i s ~ s i m i l r r r  
to ba ia tk linaat gpe. WQ )I by+ H,,M;r *VW it %pars, 
amdttow &id-t)) irqpmximately n o n d y  disrrbtcd #tk Wo mmn md 
~ ~ u i * P ~ t t n l m d i n g ~ x s s u b t r i x m  

For furrhbr d&ib sce Sllvey (1959). 

la pn c~xpdmmt kr -ring the DNA mmt d a particular type of dl, 
time is a WGB of mistaking two d u  Tor oa~e, M that the experimtal 
rarult m y  be a murmmt rb the DNA content of a sin& dl or of the 
~ o f t b e o o n ~ o l t ~ o ~ l b . F ~ ~ m  ttsercaJtsx - @,,xz ,..., xJofn 
I a r s p n u r a b e r n d i r r ~ ~ t i D f l S d @ ~ 1 ~ t , i i b d W I 1 # l t o  
c s l l m a t s L h e ~ d ~ W ~ m d t h e D M a o p t t a t o f ~ &  
In ot$m tbat it s h k l  tre ro appty t h  awthad of maximum 

Uehbod t o t h b p o b h i t k ~ t o m  u p a m d w h i c b i n v o l w  
onlya Wttarnnberduikkmplmpawwm. WowInthis&unthit irhidy 
-tic to maim that tkc DNA hmrrfrt d a  hgkdl  Is nemlly&uiblltnd 
w l t h ~ w t l ~ p d I m k s o w a ~ o ' . T h ~ t t i $ m t n ~ w n  
~ ~ y a d ~ k i a g t m ~ h c w n P w h & m a n s u m ~ t h t p w h  

flare $ P (a, JL Bnd ~vehave a fiunily d distr i i l im on &a mmpk WC* 
paramatrid by a $ - w h  m thst the method ofmuimum kelihoad my 
tw#p%& Ih tksmekitadofwapes in 421. 

kay af J a g  up a model for thie a m p l e  is tesr &bk 6rolD r 
wpuq&&aIg&4 d v h  but yieMl a0 i l b t m b  dtberrpphrkn dthc 
~ Q P I ~ r ~ ~ ~ ~ ~ d ~ m S O w r ~ j t f m t h i d ~ .  
k that the DW4 mtmt of ah& colb is nomEl.y &rk 
~ ~ t b i ~ ~ ~ m ~ a l l ~ v ~  wbiEhwe~dmotobyp,arrdo: 
q&tiw. t h e  js an nnknam pmbddity a 01 rnbkbq taro odls 
far rrak Horn we naw mum that a nmsmmmt rmltiog from the 
ebmmtloa of twa4ls is nomaaIIy dbt d h t d  *Rifh k and variance 4. 
w d ~ t t b c p b a b i l l r y d ~ ~ ~ h y m  t h e ~ t c r ~ b e ~ ~ l t o l a ~  
repkale of thc txpvimsnt iQ now 

1 

w h  0 = l q  p,, a,. A, a,b a E-m. 

md this density a h  involves 6vc wnkaown paramctcrs. IT we are prepad 
to make the assumption ha1 two ails r n b k e d  for one are fndepcndeat 

t h t ~  p1-2p1 m 0 
and a:-&{ = 8, 

and we may 4 d w  maff imi i  pix, .) subjsd to t k  lrstriefioals by the 
tagmnge rnultiph~ tecinique d s ~ b  47.3. This of ewrw in c$uivalcnr to 
the ~ i o u s  'mmt&& m-%haaiwn', but tht mder m y  find it htmtiw 
to k l b w  the t b @  ~QFW W tttrQlr& h t e r n  of this parlieularcarampk. 




